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APPLICATIONS OF ANALYTIC CONTINUATION TO TiHE SOLUTION OF

BOUNDARY VALUE PROBLEMS

By
P. R. Garabedian

A better analysis of special solutions of particular boundary valus
problems is of considerable importance in the theory of partiasl differential
equations, especially for equations of fourth order, because very few
explicit solutions are known in this case. The present work was motivated

by interest in the non-linear Navier-Stokes equation
‘.P == = LP k+’ - qJ—z qJ
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governing the steady two-dimensional flow of an incompressible viscous
fluid, but the results have application in other fields, such as elasticity.
We develop methods based on analytie continuation which yield for certain
special plane domains the solution of the basic boundary value problems
for the equations AP =@ and AAVY=0. The methods, which consist either
in the introduction of independent complex varisbles z=x+* iy and z" =x- iy
or in a suitable exploitation of the analytic function G(z) such that the
equation Z=G(z) represents the boundary of the domain, are of themselves
interesting, since they provide formulas for the reflection of solutions
of these partial differential equations across annlytic boundaries. We are
thus able, for example, to study the solution of the Oseen equation
AYAY & A“Px near the end of u slit.

Let P(z,z) be a fixed real apalytic function of x and y, and let (p(z,'i)

be a real solution of the linear elliptic partial differential equation
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in a plane domain D, where
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We denote by A(z,z ;t,t ) the Riemann function of the corresponding hyperbolie

equation 5
(2) Al T
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in two independent complex variables z and s’. In other words, A is, as
a function of z and z*, a solution of (2) which satisfies the boundary
conditions A(z,t’;t,t*)-A(t,z’;t,t*) =1, If we continue the solution
@(z,7) of (1) analytically into the domain of complex values of x and y,
it becomes a solution (P(z,z*) of (2). It is clear by Stokes' theorem

that because @ and A solve (2), the lins integral

(3) /{CPL azu&az}

is incependent of the path of integration between given limits. We make use
of this result to derive a duai pair of useful formulas expressing <P in
terms of A,

The required formulas are

4)  Plt,t) = Pp(t,t)- {Z 'tcp( “‘z 18at ) 5o a(s,E58,67) g—ggj‘- di},
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where the path of integration runs from t to t in the real plane domain D,
and (1)
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The first formula is derived by evaluating the integral (3) over a closed
circult consisting of a curve in the real plane z*- z from ?.* to t, plus a
curve in the characteristic plane z=t fron z*-i to z*- t*, plus a curve
in the characteristic plane z =t* from z=t %o z-°t'*, for the integrals in
the characteristic planes simplify by virtue of the boundary conditions
satisfied by A. In a similar way, formuia (5) follows by evaluation of

{3) over a closed path made up of the four arcs which Join, respectively,
the points z =% and z =t 1in the plane z=t, the points z=+t and e
in the plane z*- t*, the points z*-t* and z*-z in the plane z-{'*, and
tke points z= " and z=+t in the plane s =T Finally, since @p(z,%)

and A(z,Z;t,t) are real, (5) reduces to
v *
(6) @,8) = PE,LAR 4 58,8) + 2 Re {f A, 5, D) 2EEE) g, 7
t‘l’

As a first application of the formulas (4) and (&) we consider the
equation
(7) _ Ap=Q
in the wedge -o{ < arg z < <. In this case P=1/4 and the Riemann
function A has the form

A(z,z*;t,t*) = J{i (z—t)(z*-t‘S‘]

’

where J is the Beasel function of order zero. We set t*- O and we take as
path of integration the ray from the origin to z, whence (4) yields for
the solution @ of (7)

t
® 9,0- 98- {9 it f(eas wer st s 2F di} .
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The remarkable fact about this special case is that

(9) Re{rp(t o)} P(t,t)- J{‘Pﬁe[ dz]+ am d\z\} ,

since (t-2)z > 0 along our path of integration. Thus, along any ray tarough

the origin, Re{¢ (t,O)} is completely determined by CP(t,%) alone. Further-

more, for real arguments the Bessel function J is uniformly bounded,

whereas CP(t,%) and its derivatives are required to vanish exponentizlly &t

infinity for solutions of boundary value problems in a wedge. Therefore, by
@(t,0) will be bounded for such solutions. It follows from this

analysis that the first boundary value problem for (7) in a wedge

- K < arg z <ot transforms by (9) into a Dirichlet problem for the harmonic

function Re{}p(t,O)B— in the same wedge. Thus C?(t,O) can be found by

standard procedures and the explicit solution qit,%) of (7) assuming the

given boundary values can be obtained as an integral from the formula
t

(100 @(t,8) = @(0,0)3(11t])+2 asJJ[1«]<t-z>£‘ ] _agzcmz a

based on (6).

The general formula (6) for solutions @ of {1) in a domain D gives
a convenient procedure [6] for continuing ¢ analytically across an
analytic arc of the boundary o” D along which (}7 satisfies, for example,
the boundary ~ondition q’ = 0. We write the equation of the analytic arc in
ths form Z2=G(z), where G(z) is &n analytic function. Such s representation
can always be obtained by solving for Z the more usual equation of the arec.
We suppose, without loss of generaiity, that the origin is the point on
the boundary of D near which we wish to make the reflection. In D, near the

origin, consider the analytic function
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From (6) and the boundary condition P =C, we obtain along the curve z=G(z)

the identity
t

0 = @lt,?) = P(0,0)4(0,05¢,8) + 2 Re{f“zﬁ;tﬁ) ﬁ"_gzm d”}
-2 Re{U(t-)} = U(t) + U(t)

Hence the analy:bic function U(t) can be continued analytically acroass the
curve 2= G(z) by the rule

U(t) = -T(G{z)) ;
since when t lies on one side of the curve and sufficiently near the origin,
the point G(t) lies on the opposite side. We now derive from (11) the

integral equation
t

1) T an,050,600) 2EED 45 - 0
0
for the determination of the analytic function CP(t,O) across the arc

z=G(z). This equation is linear and of the Volterra type, so there is
no difficulty is solving it by successive approximations. Thus the apalytic
continuation of (P(t,O) is performed, and tc obtain the continuaticrf of
the original solution cp(t,%) of (1) we have only to apply formula (6)
again with t" = 0.

The procedure just outlined can readily be extended to the case of
fourth order elliptic equaticns. We illustrate this generalization with

an application to the important special case of the Oseen equation
(13) DoY¥a28y :

This equation has a gensral solution
LP - ex ?# h s



where @ is a solution of (7) and h is a harmonic function. By (10), the

general solution can be written near the origin in the form

- t =
(14) P=Re {e(""")/zf 301 N(E-2)% Jg’(2)az + Co E* /25 (1[4 )) + f(t)} ,

Q

where C is an arbitrary constant and £(t) and g(t) are arbitrary analytic
functions. We suppcse that the solution ¥ of (13) is defined in a
region D whose boundary contains the analytic arc z= G(z) passing through

the origin, and along this arc we assume that the boundary conditions
‘ 2%

- = 0
(15) ey

are fuifilled, where n denotes the inner normal of the arc. The problem
i3 to continue ¥ analytically across the arc z=G(z), and it is clearly
sufficient by (14) to perform such a continuation on the analytic fumctions
£(t) and g(t).

We denote by s the arc length along the curve z=G(z), and we verify
that
2z - 2z - /(= -1/2
(16) oo =155 " 167(2) .
Replacing (15) by

eXVYae 2(e *¥)/2n =0
and substituting (14) into the result, we obtain

(17 - Re {v(t):lx « Re {W(t)} -0

along the curve E-G(z), where V and W are the analytic functions defined by

t ‘ ‘
(18) V(¢t) = fJ(i Al(t«-z)G(t)l]g’(z)dz**CJ(i’VtG(t)' )+ p(g)e (E¥E(£))/2 ’

(o]
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(19) W ()67 (6)" Y2 = 15e(4) V2 {o(1) + 1037 (1 Neo(p)!) BEl=3G/(e)
{ 16/ (¢) {f(t) 163 (1 N46(t ————3—2 =

+4 J’(i'\}(t )G(t) )—ﬁl)éi‘i"—"i"—-(ﬁ2 /(z)d
J * 2»\|(t-z)e(t)' Kalcs

v o (808(8))/20 04 Q’.%hL f’(t)]}

in D. Therefore these functions can be reflected across zZ=G(z) by the rule
V(t) = -T(G(t)) , W(t) = -W(G(t))

It follows then from (18) and (19) that £(t) and g(t) can be continued
analytically across z=G(z) as solutions of the system of Volterra integral

equations

-(t+a(t)) /2 -(t+C(t)) /2 G/(zg,)_]

(20) 1G/(t)W/(G(t)) =g/(t) + e £7(t)+ £(t)e

t
+1 J’(i’\’ (t-2)6(t)") &lt)=(4-2)G7(+) g’/(z)d
b[ * z'J(t-z)G(t)' Ea

+ 10.1/(1»{ 16(t)") :

tG(t

(2)  &T/(a(e) + FAG(4))] = &~ (E*8N/20 () g (1) (110(0))/2 22{0)]

%
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idtj Na(t) St NG(z)

o
Once the solution of (20) and (21) has been obtained by successive approxi-

mations, the continuation of the stream fusction \P can be found from the
eipress‘m (14). ‘ ‘ | \

We can apply the rule just described for reflecting Y to the case
where V is defined in a neighborhood of the origin slit along the positive

real axis, on which the boundary conditions (15) are imposed. Here G(z) =3z



end it is found that V and W are reguiar, single-valued functions of Nt near
the origin, whence by (20), (21) the same is true for f and g. Therefore

Y is a regular function of Nt acd {f-, and since kPx and kk; must vanish

at the crigin, ws conclude that the skin friction AY behaves 1ike 1/4’:"
along the positive real axis {5].

Our mothod of reflection is valid for the equation AAY= A4Y of
the vibrating clamped plate, also, and, indeed, many further, more involved
applications could be carried out.

We turn our attention to the simplest fourth order equation., namely,
(22) Aoy=0
and we show that the above technique simplifies to such an extent that we are
led to ths explicit solution of specifis boundary value problems. The

general solution of the biharmonic equation (22) has the form
(23) P = Re {2f(z) + g(z)} ;

where f and g are arbitrary analytic functions of z. If we substitute this
formula into the boundary conditions (15) along the arc z=G(z) and take
(16) into accomnt, we find

(24) Re{G(z)t(z) +g(z)} =0

(25) Re{iG(z)f/(z)G/(z)'l/2+18/(Z)G/(z)-1/2_1r(z)al(z)1/2}- o

We define the two analytic functions
D(z) = 6(z)e(z) + g(z) :

YUs) = 1 f {G(z)f’(z)*é’d")-f(z)a’(z)}dz L
and we note that (24) and (25) imply

(26) Re {@(z)} - Be {q?(z)} =0



on the curve z=G{z). DBut also
£(z) = [P*(2) + 1¥(2) V/(267(2)) ,

g(z) = B(2)-1P(2) + 1P (2) Ka(z)/(267(3)) ,
whence the biharmonic function V satisfying the boundary conditions (15)

can be expressed iun the form

(27) Y - e {B(2) +§;%‘z§l (B(a) + 1 P1a)7

in terms of the pair of analytic functions @ and i’ satisfying the
equivalent boundary conditions (26).

As in our earlier studies, the formula (27) gives a rule for continuing
V analytically across an arbitrary analytic arc z=G(z). Indeed, we have
only tc reflect @ and 'V by the usual Schwarz principle, using (26).
However, in the present situation, the reflection rule is so simple and
elegant that for certain domains D it can be exploited in order to solve
explicitly the first boundary value problem for (22). This can be done
when D is bounded by a simple closed analytic curve z = G(z) such that G(z)
is single-valued in D and regular there except for a finite number of poles.
The functions P and P defined by (27! re regular in D except for
singularities at the poles of G, and .a the boundary curve we find

(28) V = Re {Cb} 5

o=

(29) af ds = Re{\}?} ;

Hence the problem of determining a solution of (22) in D with prescribed

values for ¥ and 3 ¥/2n on the curve bounding D reduces to the problem
of finding analytic functions @ and qf witah given real parts on the

boundary of D end with suitsble singularities at the poles of G. The
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solution therefore involves cnly the determination of a finite number of

paremeters associated with the singularities in such a way that P’/ + 1P’
vanishes at the zeros of G/. In particular, if G has only simple poles,

then @ has only simple poles and P+ 1P nas only simple poles.

As an~examp1e of t?his theory, we dev;].op a representation for the
biharmonic Green's function [(z, t,) of the exterior of the ellipse
xzch-zo( + yzsh-zo(. =1. The result should be compared with the earlier_
solution given by a related method [7,8]. We write the equatior of the

ellipse in the complex form
= ¥ —\2 .=
(z+ z)zch R = (z-z) sh 2% = 4

and solve for z as a function of z to obtain

130) G(z) = z ch 20 - A z%-1 " sh 20¢ .

Denote by p(z,Y) the analytic function of z whose real part is the Green's
function for Laplace's equation in the exterior of the ellipss, with source
point at z= . A fundamental solution of (22) is

Re{-|z-z;|2p(z,~4)‘9 ,
and we must add to this an expression of the type (27), adjusted so that the
sun satisfies the homogeneous boundary conditions (15) on the ellipse. This

gives on the ellipse

Re{}} = 0 :
Re{%Y = Re{ifl 2-7, lzp'(z,r,)dz} ,

whence wo have
(31) B- a(z%a(2)?)

(32) Py (z- 3)(G(2)- 3 )p’(2,x )dz + B(2-G(2))+1C(24G(2) )+Dp(z, o) ,
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where the real parameters A, B, C, D are to be found from the condition
that ¢/ +1J’ must vanish at the zeros *ch2« of G/(z). We thus obtain
for &, B, C, D the equations

+2A ch 2o * iDp/(cb 2, ) + 1(B + 1C)

= (ch 23 4 )(13 % )p/(*eh2e,z)

and therefore

(33) Mz,%) = Re{ -1z %pls, q) + D+ E8& 1By pr ),

wita G, P, and P given by (30), (31), ana (32).

The above result, which is of some interest for the discussion of
slow viscous flow around an ellipse, simplifies considerably in the limiting
case when o = 0 and the ellipse degenerates into a slit from -1 to +1. Here

we find, in fact, that the biharmonic Green's function is given by

(34) Mz,%) = Re{-l2-% %p(z, %) * 17(s- §) (- T)p"(s, 9§,
since G(z) = z. This same formula yields the biharmonic Green's function
for the exterior of any finite number of siits along the real axis, provided
that we interpret p to be that analytic function whose real part is the

harmonic Green's function of the multiply-connected slit domain.

With our present method we can treat the first boundary value problem
for (22) irn domeins bounded by ong an analytic arc T=G{(z).
However, for the applications it is alsc desirable to study the behavior of
biharmonic functions near a point of the boundary where two analytic arcs
intersect at an arbitrary angle. In order to obtain a first analysis of
problems of this type, we determine hare the biharmonic Green's function

r'(z,ﬁ) for an arbitrary crescent domain bounded by two circular arcs.
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Without loss of gererality, we can assume that the two circular arcs
bounding the crescent intersect at the points 1 and -1. The conformal
transformation z= thw therefore maps the crescent in the z-plane onto an
infinite strip a< v <b in the w-plane, w=u+ iv. The general solution

(23) of (22) can be replaced in the w-plane by an expression
(35) Fiw,%) = (chweh ™)V = Re{_f*(w)shTﬁ g*(w)ch i}

which is easily seen to be the general solution of the transformed
differential equation

2 2
(36) (45 - 1)(Z5 - 1F =0
ow ow
The Green's function Xz, %) of (22) for a crescent will be related to the

Green's function G(w,J ) of (36) for the corresponding strip by the identity
2 2
(37) Gw,qd) = leh wl“len | (2, %) ;

where G, =th 0, ( =s+it. We proceed to determine G by the method of
Fourier transforms, omitting details of a familiar nature (2,4,97.

We write G(w, () as the Fourier transform witn respect to © of a
quantity b"(v,t;e), which turns out to be the Green's function with

14
discontinuity at v=t of the ordinary fourth order differential equation

4 2
(38) L8+ (3-26") &L + (16+86°+ 613 = 0
dv dv

in the interval a <v <Db, since equation (36) has constani. coefficients.

Thus we have

®
(39) G(n,0) = %A/\ (v,t;0)cos @ (u-s)de ,
b

where the symmetric Green's function J(v,t;@)- J‘(t,v;e) is given for

a< v=1t <b by the lengthy relation



’ -‘a"_.-—----- - e - = rem—— —_ - ot - - . B .- Ee el o

= 18 =

(40)  48(6%+ 4) (4sh*he- %ain®24) )y (v,t;0)
= (8%+4)(8ch £0s1n 2/ - 2 sh /8 cos 2.£)[sh 6(v-a)sin 2(v-a)sh&{t-b)sin 2(t-b)]
+ (6°+4)sh £@sin 2 2{s16(v-a)sin 2(v-a)[@ch 8(t-b)sin2(t-b)-2 she(t-b)cos 2(t-b)]
- sh8(t-b)sin 2(t-b)(8ch 8(v-a)sin2(v-a)-2 sh8(v-a)cos 2(v-a) ]}
- (8chfesin2£ +2s8hf8cos 2£)(0 ch8(v-a)sin 2(v-a)-2sh 8(v-a)cos 2(v-a) -

‘{6ch 8(t-b)sin2(t-b)-2 sh8(t-bjcos 2(t~b) ] :

in which we have replaced b~a by .£.

The explicit representation of the biharmonic Green's function for a
crescent given by formulas (37), (39), and (40) ylelds as limiting cases the
solution of the first boundary value problem in a wedge of arbitrary angle
{91, or in an infinite strip (4], or in a domain bounded by two tangent circles.
For the special values a=-T7/4, b=/, the representation reduces to the
usval one for the unit circle, since the integral (39) can be evaluated in
closed form when £= TT/2. Another special case of particular interest is
that of the semi-circle, for which a=0, b="TT/4. We obtain, in general,

a wide variety of explicit examples for the study of the multiple-valued
character of biharmonic functions near a corner of a curve along which t/ﬂe
boundary conditions (15) hold, and consequently we can analyze the viscous

flow around a cormer. Finally, since equation (36) has cornstant coefficients,
it can be solved by means of the Fourier transform in any infinite strip,
and hence we can cbtain the solution of the biharmonic problem in domains

bounded by logarithmie spirals.
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