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The SeV Itatisti calIap!roI I es t, IS PrOble, Of
uilnal. detectability . hioh have appeared ft, the literature AXO
sbom to be essentially eq'ivalent. A genumal, thoory based an li~s-
lihood ratio owbraces the criterion approach* for either restricted
false *Uam probability or winimm vsi~ted. error typo optIma, *ad
the a poeteriorl probability approach. Recelver reliabillty ti
shm to be a function of the strition functios at ofliklihood
ratio. The ezistwwo mad uniquensa of solutions for the various
approaches In proved under Wasral hypotheis.

PAN 11

The full power of the theory of uipal detectability c•a
be applied to detection In Gaussian noise, and meveral peaml re-
sults we given. GIx speolal casem aro considered# and the
e.rxpesslcw for likelihood ratio are derived. The smulting opti-

mmreceivers are evaluated, by the diatribitian functions of the
likelihood ratio. In tvo of the special cases tUWea ,p the =mcer-
tainty of the siisl ensei3e cam be varied# thrA'oizg am* lUt an
the effset of uncertainty on probability of d6,ttion.

IY
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SI.t Xr. A JZCATION W=Z

,stj= MWAMA1Ys

Part 1. THE =MUA TWQ~?

22*fl DUlCTI'rON AX~D -gatxTh If-EW

3.,. Introduction

The chief comolusiom obtained from the generel theox7 of sliahl cte

tablity presented I Part I Is that a recei1w wvhih calculatee the l1k.e.lbood

ratio for each receiver input Is the optl=m receiver, The reevereia be

evaluated (e.g., false al A pobability and pyrdba .lity of dteot'cn co be

found) If &.w di.tribution functia for likelihood ratio are kwvn. Xt Is the

pn-pc of Part 11 to coamser a number of different nseue2;e et upils with

Osulean noise. For each we, a possible receiver design is discusse& Mhe

rwmAy7 m•hulo, hweverp Is on obtaining the distributiomn omtiwo for eUk

lihood ratio, and heowe on ostisntes of r•onivor performnce for the varloa

The special oa"e 'bh are procent•d vere chosen fr&e fte singet

problems Lun sInwl detection ihtch clscoly roprooemt practical uituat&m=. They

ax liuted In Table I along vith oxowplon of engineaLng pa*2=u AL .cah f

Lie app/ication.
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TA= II

o Dscription of
section Signal Ens emb3 a Application

k1.2 jsiswl nown Exact-ly Coherent radar vith a target of
I ~a~ocnm range cnd chara~cter

113 Slgal Fhiown Except for Ordinary pulse radar with no Into-/ Phae 1 graticn, and vith a target of known

range and character.

Signal a Sazile of Maite Detection of iioiet-lzlke signule;
sinXi.detection oif speech sounds In
lauussian no18.

11 Vldao Design of a Broad Detecting-a pulse of known1 start-
Bond& Receiver Ing time (such as a pulse from a

¶ radar beacon) with a crystal-Video
or other type broad band receiver.

11.6 A Radar Case (A train of Ordinxry pulse radar vith. irte-
pulaes with Incoherent gration and vith a tartet of Imam~f

A pban range and emvacter.
118 slaml one of X Orthoso- Coherent radar uhere the target is

overlapping positimas.

11.59 81goal One of Xi Orthoge- Oriary pulse radar vwith no lute-
MI. Sigoals Known Except V~atlan and vith a target vhich
for Theas may appea r at owe of a finite

=mmber of non-overlpping posi-
ticas.

low treatment of these ftro fundamental canes Is based upon Woodwiard and b&,iAMI
wor, bt Žer they are troated in te~os of likellhood ratio, -aid hence apply
es d*IV"~ receivers -as weln as to a posteklii1i rdbi1lity type

receivers.

'This -is essential2r the case treated by xxddlton in 9rf. 7.

- U
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In the laot tWo caos the •o•ortainty in the ainona am to wiroA @a n

li(3t 10 thrM on the rolationnhip botvoo unoertManty =a the abiity to

detect oiVUolu. 1 The vareoty of oxww loo praoontod oLasuld aorve to xuWst

ethaod ftor attackl"othor oui se olinl detection probl2ao &Ma to ivI IftsiJt

into problem too camlloated to allow a direct oALutict.

It should be borno in zind that thlo report dieouaooe the dotootia of

D18wiP in nolso; the problom of obtAln.in lfomi' lo• from olv1ku or about

oalalop except as to vhother or not thy uv presonto is not dioeaud. luJ-

thoxore 1 in tzreating the special case,, the noise vao assumed to be Oaunoan. 2

The roader will probably find tho discusoson cf likelihood ratio a1

its da"triution eaolor to follov if ho kIoop In wind the c naotion betewm a

oritoricn type roceivor and li••lihood ratio. In an optIm criterion type

nyatc, the oporator vi.. say that a .1025 Is prenent vhnevor the lIkel4oo%

ratio I@ ao*vo a cortaLn level P. go viii say that only noise Is present vbm

tho lIIke'lhood ratio is below P. Yor oach operating level Jp tbore in a ftai

aIar= probvbLty aMnd a probability of detectio. Tho false &aIu probabilit7

is the probability that the likelihood ratio . (z) vill be Wmtor t•,n p itf

no oaiol Is •m.t; this Is by definition the c€plenontcxzy distributian fuotion

7 1;(P). Likewiceo the cwlemnwatey distribution Is the probablit7 ty g

*(x) will be greator than A It there Is ofia 0PlUs noise, wAn bonce Pg(p) is

the probabilty of detection If a sloa1 In ssut.t

ZThe oily diouesion In the literature ca tin effot of tmoe•wnty an sLval 40-
tabilt7 Atch Me Gone to0 or attentionI In hvlsoo Roe. 2, Am the effwt

upon sl'al detoota'bllity of not knowina carior da" is ohm queatItattvely.

ge steo footnote on pagp with reftrene to Ow apoctnr of The Wum4

m'"Now
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3.2 Gausasan roiae

Throuaoout PArt 11# receiver !nput voltaGUOU vhwih are fuctiwms at

timo, aro anoumod to be dofined for a12 times t in an dboorv-timn fnterwl,

0 g t !S T. Thoy aro Aloo assumed to be ijmitod to a band of freq41aie ot

vidth W. Dy the cac~lintj theore 1 each recoivor Input can be thouCft of "

a point in a 2T dimnonalea space, the coordinates of the point being the wale
of the function at tho "r•eMle points" t a - # for 1 J 5 .wvn. T netto1

x(t)p or simly xpdonotoo a recoivor Inputt and x. denotes ths ith san•o vatw

or coordinate. The ailanal as it vould appear at the receiver Input !n the

absenco of naise is denoted by a(t), or simply a* and the coordwnates or sap2*

values, of a are denotod by si. The rocoivor Input. vhich my be due to nois

alone or to siGral plus noise, is rondom because of the presence of nois,

Thoreforo, only the probability distribution for the receiver Inputs z(t) ca

bo opecifead. The dictributiom =~st be given for the receiver Inputs both

vhen thero is noice alone and when thoro is sijgnal plus noise. The probability

distributions are described in this roport by giving the probability density

function fgN(x) and f,(x) for the roceivor ±i4puts x In the ZIT dimmnslowl ae"se.

The noise considared In Part i s alvan causs in noiso hmltod to

the bandwidth 1W# and havingam spoctut over th e & 2 ax :W o

narily called Vhite Oauoaiu nolse. The probability density function for *ito

Oausolan noise, ard hence for the rocowivr Inputs vbcn there is nouee aie, Is:on [_ ] #o
fuor mif3o1)

180Appendix D,
2 Ifthe noise opoctrum is band limited, but nnt uniform, tho noise AM c1va(.U

can be put thron•h a filter which mkoa tho noise uniform, ao then &A o
can be applied. Boo 11. If. Dode and C. B. O3hma no "A Simplified Derivatz m oa
Linoar Leot Square Smiothing and Prediction Thoory," Proo. V.03.. Vol. 38#
p. 417# April 1950.
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211 z 2

I womo n in the dimonc:io of the aycce, i.e.,p 2WIT, 2 av' NIn the noise Power.?
It canb aozh~mi -,bat thIn- ensemible of tolse, functions has a Cancoinn diatr2)m-

tion at every tine and that Its spectrum Is unifrm.

Py the oaV4Xng theorems :k

2 2Wf [X(t)]2 dt . 0.3)
0

Therefore

fuJ~ (z -mp f x(t)9dt ~ (30.2b)
0

where It = In tbia noise power per vmit afdt.

If the sieials and their prdlabi1tles are biownj then the uipal plus

noise xrobabilityr denelty funtion, %(Cx), can be fcand by the ca1,o1.utlan

1Inte~a1;5as d85rIbO& UL Sect12ii 2.6

1IUnlea otheruine iudicatted* the 214ilts on tbo am noe I n1 to I n is M d,
2 

1'20~ 2NCJi &dj than fl~z) ~f,(rTi),e.to 1 w
inftepende and each lao d for its x~ftbilli deneity function. Per a
diacussion of "Imepondeantl see Cra&,p Ref. 14,v p. 219.

3 This aauu=a the- iCUMIt Irf fulenee Is mozealised to -- s

5TXU is or of the c;P-resslan rtfp j .- a the ýcan"Poadlug fo, of the
equations forf AO&MD xiwretrs e t L Se vz~
and Vxvieal afto. 2w 3

6se Pac 3 at po t.
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=J()(xj)l (a) L) ,, .LP(X-S? (a)

a (3.4&a)

P- pL LaiJ 8~

00

a~ m 2Ž~)s~ 1, dt] J[1 82dt] exp[.. 2 . aT]d(

0 01

f 2N(3,~

of xdt- a: 1 2 - (,) I

Is tais e=Qr' of the axpected alsga,$ W3l

z(t) q~t) ab 36

Is tais worn. 00mmtIa bseu~ tU e mps&W sa1w and the receiver' input.

jsef~"3 nNv5

_ _ _ _ _ _ _ _ _ _ _ ~6_ _ _ _ _ _
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Llkel•hood ratio is defined as the ratio of the probability density

functions t£j(z) and f (z). with vhite Gauossin noise It Is obtained by diLviding

I ~Eq (3?jby Eq 0.-2).

n
1(z) a cv SlOX ij Z 1 dP5 (a), or (3.7a.)

2(z) a ~/~[ ~1]ezp[2 f (t) it(t) dt] 0P().(.b
3 0

wot coutaiting a is eoro. Then the likelihood ratio bacme'

If• th si•a is k.ncan mt3 w.o c• .l.telyti specfie, .e .probab.lity

f x (t)s(t)dt] 3•

21mz the Wnersl formis (3-7h) and (3.7b) for 1Ike1ihood ratio state tbat I(x)

In t~w voI*NA aveawz of .1,fx) overthe set at all v~ail3e, i.e.s,

.f(z) a 1 (3•.9)

Sii
- 2

4 ~If the distribtion fiamctlen P (a) depends on various parenstors such

as c ,,ir •ba., 8-1#l ,AW, O c=ier frequency, and If the distribus

S -•- i i = .l i '""
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in these persastors v" p~en, the gxprossim cu fin'1k*ie~b ratio cma to

[ sImplified amre-ftt. if awee psnuaters are in0ioated by r, 're..s re. sm

I ~the asD80Satod probabflltT dmeitT~ f~matios a"e dezOted bY -'Vr1 )* f(200 *-a

I ~ ~ Vrds) them

1~ PS ?(a) fl f(wQ) tu f(x;)

The Ulke~ghodt ratio beomes

r (x f fv*.. f 4 s(z,) '.(hX) dr.1

Thus the likelihoodrai nam b gbtrn 17 aw~iruglug Ifw L reovet to, t

lcz ~r aw'' V

t-
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I.LIKWLffOD =I0A AND ITS DMTRnhUIO FOR SPE41AL CASES

Ii.1 IntroductIon

The purpose of this caction in to derive expressions or Approximis

res~ions for likeliood, ratio and its distributicn function~s for a laumber

of special sIgAls In the presence of Gausanm m~oles. 2Iie results obtaleci&l iIn
.2The Caftof a Sig~--2acmn l~p

7h* likelhood ratio for the case wb=i the siisu1 I i wn kamezt2Y

- ~~bas &1=4ay been presented In Stvcti*m 3.3,, Nq (3.8). *

j~) uap [~]O I .f :(t) a (t) dt]

As tbe firt stop In f1Wndin tle dietriLbutin ftmtions for I(X)s It
Is coxmeuisa to find th distribution for ilvmtoeInisa"w-

lhen the Inpuzt x a (xj, rgp p.. z 1 ) is C. to vhit. Gaussian noise. It Con b6

nown fron Eq (0.1) V~at each xj. has a nwrma disti--bution with xer. mean and

vorlawsc N a - avd that the x, ane independent. Becauste Us arL e constantsU
depending on the algal to be detected, a - ($L s20 .. , en) ea h 0 ot 1

I "I) %*a mca distri~bution with Sam a ,Iw the san cf 21# and w*±-

2~ 3±

7 3?

veene-o xi ore bupemadwitP the siusnds N BAF are I man,* each with

=orml distributions, and therefoare their imi bas a unwral dIst~Iaticu with

_ _ _ _ _ _ _ _ _ _ _W

........
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=sni tJho M= of the mem- 1.e.j. and- iorlanc the amn or tb.

u soize iwo p~er Uiit Diidvldth (~

me~ autr tion~ tar xjs, v~itih noise mlta is thius Donml with w sa

and viancau _3 vecaing

AX)(434

-it is seem tbat tbe 4IstrD~ultiia forj :mx&s:L eg be e directly by Intz-

The inn"a1ty 1(z)? a is is ewvaut to T. ,za. z fteretwo

no distwbmztmi fwr th come ar jdawlm plum nss cmn U fand 1W

ius~zg TIamm 8, blc states V)Im 2

armcp) ja ar IFp) (

1.0

2 31?t!,2AmaT,

- - -0 -A-
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Differentiatiag Eq 41~

NON

ThmWp

a

- I ~In summ', a* arid tberofore In 15,r bas a namial distrbutIon vithl salga
plus noise as well as with noise aloe the V&Ta=iacef both distr~butio

in - and the differeunce of the mamns Is
* * ~NO o

F ~The receiver operatlng characteristic curve It 7ig. 31.1 are plotted

for arq case In ivhich In I has a norma -distribution Vith the mw variance

both with noise aln and with sigrAl Vaus molle. The ptrameter d In this

Teessential operatiom ini the rocwiver Is obtAlnuzui the correlatiom~n tMxt

__and___________as)

4W
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Tho other opamt1aws mtipl~r4 bya coztstwzt 1 alligin a consanatsi and

Van expcumt1b frnolwi, cmn be taken cure of a ii7 n the ca1bratiu.~ of the

r4,~oivr output. XWOUfCI±C =mmmn of obtaining crosS Cm Q~tiCUl have been

deve1oped recceit-17?

Itteftiw of athe almal s 1u.* tbag i aaefr le-wyto obtaft

I ~this crams Suppose h(t) In the liuuis reepomw of a il~tor.

how ze4pTiB %(t) at thw fitar to a voltaw z(t) 1&

e0 (t) f zrh(t-r) dr 49

-oD

it a Miter can be syutiwalzed so ~t4

h(t) a *(T-t 01tsir1> h~)-0 ~M J (4.20)

tba

0 fT)x(,r) s~r)4T 4.

to 'that the qs e ce this filte at time 2 U the m O es. c a'atimi zureO& .

9=8. Usm Ial rce1dw c"Utsta si?4 of a f.Utel &nd amplifers

nt AMU b* noted that thi flte =Isw:f Uo eam# exct fcr a coav~mt

laotcems " Oat %pwiMmdd=m mw aft. fm- Vw MfloZ AtIrs m.21313 reak

&'03a1 to awxSm =oIs pWwer.

hIr~rnte2 and hrs, 'Bar. ]A; Wx~ tuag *a & .A, IW. 17;* 1.., Mmftm. ama
Wamane, We. A8 Uenn and.Re~fttoe 1oW. V~.

Pn"i aana5 fto be ii* to moo&w&d S.. woomumllxg 5et. and wocdatmrd

3S. Da,,Wzd~nfrg Calciad and Z1ectricza Tya*51mt5. =ortic BS2U
Aw yak4 aZ9i P. 12

"LAWQio and Mlfhonb3ckj* Rtef. Is,1p. 206; uoths tr uo ,

12

Set
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YJ -Sip-ml Xowm xgtfr aro U

The sional onneae considored in thia acctiaa coneiats of all

aifpals Uhich dUrfor from a elven amplitude and frequency modulatod s±iou1 a13yI ~~In their carrier phaeop and all carrier phiacea oare aeoaid eq=uallylkely.

a (t) -f (t) coo( Cdt.0(t)-) (422

Since the unknown phase angle 0 )ias a unlform distrIb3utiaom,

I ~~The liellhood ratio can be found by W37~ing Zq (3.7)s and sidice the signal1..r~ Vs0Z ', L-~ the sawe for all values of carrior phase90

a ezp [ I ~]fex [P X,!,± %la,(a) (-4

Rxpn~inas ainto the coefficients of coso and in, 0 viii be bel$1s213

8(at) f (t) coeo t+O~t))coa 0 + f(t) bsn(ewt4(t) ino a

Zie co 00 Ex Z' (tiL) Cos (w t 1 .+ (tt))

BOcaua v* vida to integate vitth respect to a to find the likelihod

ratio, It ise easist to Introduce paremeters s3imila to polar coormaeinj

(r# 0.) suc that

'Frthis to be ri roruwl true.. it In ot~ffclot tha~t the gIpua Ue Um limited

and )iavo Its lin~e apactrum Zero at zero Prequecy and at all froquancisa .ua1

2617
too oxtrtA

_ _ _ - . - - - - . . . - - - -
ti &=U ti it -g ont e$1 2
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r 1  cooG 00 x xi f(t) co

r i 9 Tox r tj ) sin (W tj + O Nt )) 4 17II
and therefore

I"I

-axi (c0.19)
N

e rUsing thi form the ;likehlihood ratio beom ese ne

22

• " 's the e~ure ?oot o the •e sl•ntms of ther oqrdes ofc th rih-n sidpest.

\probability that i, i• exceed ean certain vlue can be ec~uted byr observn

tht ah fth i~-AX sie, O h cros corito n of - t)

I with - ixed s.al° , either ,(t) con [al +• $Ct)] orfCt)ai•a t-+ #€(,] -I -Theref oin the dBstrbutilon of each cc n be forde an thme mmer as then.
1 l a tri-Ieutlo t'•ai xt.•as •o oh ceg fo ahd therefore the

beioth rato viU an e gratri n aav voalue Au~ vIfthonyI Zer imn aneateriance

I"

acm vaO u 9arsanli tod 13 Tha havei

ob abeilt or rthat =xce, an ertain r covalue can be.o . w bepuIdn

jsee of is vas fooforto 1, p. 17.

S. .. .. . . .1 8 . . ..

both coo ,- an §- -go hav n .. .... wa
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I DBecaufe wfjc8 0 2 +(~ Z si ,the probebiity tbatIwvill exceed W fixed value Is given by the vell-kovzn Chi-a•qare disfftbU-

tion for W deGrOS ofreedmi, r2(W) The roper norma.tlam yielding

zero mean and unit var'Isnce requires that the variable be that is

~II

,I If a In de.-bed by tba eqmttm

the distribution for I(x) In the presence of noise inlone in In the 'iWel fix,=
+.•=•A 01,. 0 o3 (.) -CSNS[-+] -f-

using Thebore= 8 of 8eot1nn 2, zum3.

but making use of the Vsreter c., ve fam nrt

c1()-a -amp [t2] 4.24
andhence b * [ _ W_ (-. ) as--,4...)

Intem'to from a to infinity.

e- vx a2c)am(.6

rr, Rof. iii-, p. 233, or 1o16, P. G., SUM

Jib .91-087wiley,. l .. +jp. 131.

- _-- - A-",
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JEqo (4.22) and (4.26) yield tho receiver operating characterlotlo in parsentric

F Eforn, a Eq (31.21) Lgves ,be aneoc•atea opeting levyels These are crazhod

in F•i. 4..5 for the sane reuice of siw28l ener67 to noise per unit bndvidtth

ratio as vare used vhen the pIhce ansle V.o knomn exactly, Fig. 4.1, co that the

effect of kno•.,nC the phmse can be easily seen.

-If the seitml In sufficient- sirple so that a filter could bo sy•-

theblzed to zatch t.he expected algal for a given carrier phase G as •n the case
Sj+ of a sioa2 known exactly, then there Is a seqlse vay to doeth a receiver to

obtain likliood ratio. For aimplieity let uA canstder only amplitude volated

Dignal- (ct) 0) in Eq. 42)Lot us als)o ae 0 0. ( p--

J ave been chosen.) Then the filter boa Impulse rsepwoe
h: (t) f •(T-t) coo W (•-t) 0S t S T

0 0 otheris. (4..27)

The output of the filter In r017pnft to X(t) U th=

o(t) - J' xr) h(t-r) 4r - z(r) f(r.-t) coo 0 (r+T-t) dr

co to• (t j- x(r f(r +-) coo W ) d• r r . 1.1
--

-sin W (T-t) f x(r f~r+T-t) sinaiw r d (r28

Graphm of valuwa of the lutel(l (4..26) alaZ -ith approx=mte exproess• :Car
Small and for large values of a appear inu Rce Ref. 20. Tables of this
function bave been cmpiled by J.# I. ••rcum in on unpublisheo report of thb
Rand Corporation' "Table of -4tMftioLBa," -roJect Rand Report IN-399.

20

______ _,. - - ;+-:: + , .
ý7-w , . -

.g.
+ • + + . - , + :.+- tJ,• _.. +,
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The envelope of the filter output vIll be the square root of the am

of the squares of the ixteg•es4 aMnd the onvelope at time T will bo propor-

fx(r) f(r) coso wdrij [ x(r) f(r ) sin Bw (r.29)
2w 0 0

- STae of the €onVePe., at tim T, of eo(t).

If the input x (t) passes through the filter with an inpulae response alven by
N0 r

q (4i.27)p then tbrou a linear detector, the output will be at time T.

Because the likol~hood ratlop Eq (I&.1.9)j, Is a Iolovr mmiotone function of

the utlput can be cairmtea to ma the likelihood ratio of the Input.

4.1 Smia Coini~g o aSamleof Mhite Gaussian os

st•poa the values of the 5laml voltage at the sample points are

opendent GaCuesian raszWo variables vith zero man and variance S, the usial

pwer. mw probability density due to signal plus noise is also Gaussian, since

sI8aL plus nouie i the am of two Gaussian rand=a variables.:2

n

__UP 3 1 2 1 2 ~
(2gt4 8)' ~ 2 N148

The likeihoo ratio 14

"P 2 N "12  X,

Vth 21r. speoom of z(t) Is zeto at zero freqjuency and at all frequanci

equal to or gmeatr Umm L tban It oan be shown that tbese Intepela

gi
contain w IIquewi to U&l as A2it

_ _ _ _ _ _ _ _ _ _ _ _ _ 22
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In solving for the distributtion functions for , it Is convenient

to Introduce the pora=ter a., defined by the equation

13 ~ 2 B 2  (4-.32)

Then the condition t(x) : 13 is equivalent to the condition that XZ a c.

3n the ;-rosencer of nolse alone the randri varlablets :'--) have zero mean and unit

variance, and they are independent. Thereforej, the probability that the aum of

the squas of these variables vi.. exceed, ? L3 thg c hi-sq•yr- diUtimbtlonu

-3(3)) .

Simitarlyo In the presence of s thre plus noise the random variables

2t- aand imi 'm lau•nce the ch•- Viu z Lx±r~tt g' • • tI

18 zeo men a =tvar .~e Th odton18tem

ab requiring that J- x z 2 ? N aP, and again meacin~ use of the c22i-aquare

Eecelva r operating chanterisi•cum e ce s axe psented in Pigs. 4. a0

4.7 for fair poesible choices of ii (1e., loil 10~' 105), vAInda "-c case f cc

throe valwes ot .IJui to noise ratio three db apart.

For larg values of up the chi-square dIstribution In approzicata2yI
norml1 ovar the cantor portion; =ae preciselb, for a2- 0o

3 Crwir, Ref. 14 , p. 933. Tables of &(a2) can befoundIn moot books onsat&..
tistics. Rztensiv tables ae listed In the bibliograp4 of Ref. 14, p. 57O.

.. aloe, Xntroduction to M*theratica_ Statistics NTov York: Wiley, X97,

23
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1r 2 a 2 - ,1-n-. 7
and 

O

~(JL J

If the asipa ezerg' is m'' caqpaed to that of ther noise,/ In nery
uniity and both distributiona bizve noarl~y the nas ielance. Then Fig 4.

* applies to this cewe too,# with the 'valu~e of d gie by

Partheed (2n-3.) / x37

Fo tes =3 ini~al to nolso ratios and larg~e sbwpteeIn

siz~lo relationm bet~�wn signal to noise zatiop the anbar of samples, and the

"detectica Index do

is1fo

~rv siui o ois raio 1:() and() , =i have aapproxtately the same

operatina characteristic itf the corresponding mmbers of =Vle pointes n31

and %,p satisfy ( A 2

32,11
26
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Thie can be verified for the tbree curve of Fig. J.7 fo 0 n - i.Ot cea•.red

with Fig. k.1 for d - 1#, 4, 16.

The recoivor specfied I any device that produces the likelihood

ratio Of Isinpt s :~ :tu 1 2(i.

N59 ! (.#)

An onewv dotec tor wae It output

00) 2Wfopcc/Ixt)] 2 4t * •j Zz (li.lio)

and this rece•var can be calibrated so that its output at the end of the obser-

vatlon t±im, e0(t), -411 be read an

5Video oMI of a Broad Band Lee i
n he . considered in thle section Is represented sohematic-l,

in Fig. 4.8. no siGnals and nolse a•e azsod to have passed throu& a bead

ANTENNAFITRDTCOAMLIE

IOR MIXER7

F,1G. 4.8

BLOCK DIAGRAM OF A BROAD BAND RECEIVER.

pass fllter, =a at the output of the filter$, polnt A on the diaftm*, they •ae

a sm to be 2irited In m to a U" at 1M 9 ezA center tequem

j-, , ,- - - . . . .
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! > X The noloo 14 a~sumd, to 1>o Causein nous• vtah a minoi spectrum
2% 2
over the band. The s8igls and noloo then ;.ws throurA a liniar detector. TVe

aoitput of the detector is the envelope of the su±,aels and noioe as they appeared

at polut A; all knmlodw o of the pbom of the reocivor input is loot at point B7

T-he slam•s and nolse as thoy appmr at point D wre conidorod receivor Omuta

dud the theory of signl detectablity is applied to these video inputs to

ascertain the best video deiEp end the perfcmnce of such a system. Tho

amthamtical, descrWA.Un of the 94=0l. and noise vil. bo Oi~ven for the esi.rls

an nolse as they appear at point A. The onveispe functions, vhich appear at

polnt Bj vwil be derived, and the 31kelihood ratio and its d4stribution vwil be

fou2nd for, these envelope functicsu.

TTAe ony case vhich will be cousidered here Is the case in vhich the

,nplItuds of the sij2al as It wud aper at point A is a knen function of

Any fnmctin at point A will be band limited to a band of vi'th V

anit center 2xqunc 2. * Thai th alternate form of the eampling theoe

can be =9ed.3 Any such functitm f(t) can be endsd as follos:
f•(t) - X~t) coo Vt + Y(t) sin- ,t (.)

m-bere 3t(o) ard y(t) are band limited to frequencies no •hi.r thn X, and11 2
Shence cmo tbim•ls be empanded by the me .aing themem:

(t) - [x(1)-(t) cog Wt + y() , .,(t) siW t .. ,.,,
I

no fisiction am be tbau*tt ot as a polut In a space of n a Zft dimnesions With

coardjistss x ( x) enda y yj) . Wi* mIs a reotaagular coordtzate

- ~ - - - - 28
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s ystem, 8ui=0 +1 tefily of ft'nitlmone~ oce w.it and (.t) si Wt fom'

an oo,3 yt

e The aWzTI.Mde of thie f&=imt2 f(t) to

I ~a1iA time the ampli±tude at the ith w=. Ling potat is

I/jf 1

t~~ight be escrvd ed pbm o~r:f±)na the ith wzWnd 01oinert.e The fXj atm

The z'j and 9jare saqa alwlo of asltufltu and piasaj, and rorma sort of

I ~polar coordinte system In the space asocclated with the set of f~tuntm.

- ~Lot us denote by z1,p y~p or rip 0Q, tbe coordinates %xr satple valuel

for areceive~r InA iafterWthe filer(Ie. at point A lu ,fig. 4i.8). Let

all bis or fl, 0j eofte the coordirates for the aipal as it voUld appear at

point . It tbere wzt r no 211. Thw envelope of the elpsul hence the coar-

dinate fis ane esewed kmm. Lot us danrte by 1FS~l IL.. ~ h
2

dIstribituc functIaa at +he jiase coordinates 0. The w_*ub111t7 deailty

ftwtcu or te ewdltas ip ~j hen theire Is white Wmausan noise and no

assails1

_ __ _ 29
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and for aliaul plus riolae j

20,,] L 2 !,,1,f~i~x, ~ - 1 2 ---,I • P - •.•)

chrua nfrg to the polar coorodtat'sv 9

'Ss 0) a

and o

f,[ -. . fr-.,,, +, 2 -2 .f can ...

• 0 O 01-

j4

The factohAv 11 r:L are Introduced becmuse tboy are the jacobian of the

1j4
tranafat~oiul from rectanoilato to polar coordinates,'

The probability density function for r alone, I.e.., the density tuzu-

tiii for the output of the detectorp Is obtained by uimply lategatIng the do*n-

sity ftmctions for r and a wIth respee. to 0?3

2% 2x 2i

) f f .... f % . 01) d-, d%
0 0 0

kCras- ' , set. 14, page.

.Freagin two ~'I= a I j f(xp Y)ex tiy f,(r, 0) r dr-0.49j

L 30
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(r of ~~* ~)~

i 2 2
LY = - (r,+f2) 11 .. 0.

ITc'vtic ~tbt the _probabllV dwety ter la ca~1ete24 luepsmgut

of he8jtr~but~w i-±eIU tims bad; iii. Sitiva~l ab~~at the VbasG of the

Tbe lfkolrood vatlo I~ a v1l0o 1qpA le

Asib~ It In =w acam~t5leuft to vmt vlf he l ops'±tbs of the IVA Dowd ratio.L

lzA~ .&4 A X"

+n AtQ4 rd f ~

t, - -

0n
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;i i

The function 10(x) ~In'lote as afntoofxIn Pfl&4

apprad~mately litoar for Urge values of x. Thtmj "the expreaslam for I 'ke3 1oo

I ratio nih be apprImted byr

L+I Vfjt)]2 [:rt] dt 0.1

00-
fo1r =Q1a Thu-e and bad

St for ai lglop ehr C, an C2e are• vchohse to• ap;r-outpute I beatu In the

Mm.~ Ine5al 14~ win -,57 -n (458 emb-uw da m

ap•pritel. Tthe o receiver for ar8e vasf the oxpreuzec*I ure likelioo

tarat faoor uilt t te c ron een thb

dtctor t a cnd(ft)),tsqareth enveloe jf t he h ertstajJ dt

For. the eweoflapalal to noie tl•sie ratlo, the cpto rf eceinvero :Isalnearfo ofr tdeo on andlot atlAn f the •s•gtos 94=0b.

for laz sgalgo, to noie rand Csiace chos In toe case ofmet. inter est inth

flmehe~ snteuils. in anloos apprximtio for& t1.5)cae latrpr ematod nasls

oratim vouA be even easler to recive. e

Ftrst we ah&3e find the man and standard dfvtets for the die the

"tet of t2e o f the lonrtlo lollhof ratxo:p•ll

Po te ae f rg igalt nis rtoth otzi~i ecivr sa32na

detectorN folwdb -vtothc a o ~oupt coscres

ticaof he dtecor utpu an f~), te a~z~uds f te epectd aNa6

Th itiuinfmtoifo 1r amtb on s2zAL 7.- ti
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2/

I ~ ~for the case of mnau sivna1 to nolos ratioc. h ±
for oac rProbabili3ty densit7 functlaws

ezj 29 ~ 0 and

The notationl SH(r±) and %~1 (r.,) is moed to ctetincuunh thu,~ frca the joint
d istributicts 'of &U l the -TI v bich wer e eIW o usYIM c af d f,,(r) a n f ~g . . h

meam of each ter4m innswun

*1(4 2) l teD=l /Pq ~(4.5.) Is

(r.2.2 2ft1 2 CDr2

The1 cap[n 2o3z 2f fac te) fl

,i± 0

- j f"'r± ~r ,2 j $

142



ENGIEMNGRESECH NSTWTE UIMSTY O M-p.-A

xp rL

IL 9
ENGNERIN IESANC NTTT NVI$T MCiA

Th neo~ o taCAeo laa ls os anb vamtdIntmo

0S 2 1 9

IL (Z [I Z)

-ES-
1~JJ L'j

The ntem~sf~ he asof 1~1pli nose an e ea2~te4In euIi o

A 2W A 1 h
S~nMQ



ENGINEERING RESEARCH INSTITUTE *UNIVERSTY OF MICHEIGANd

2 (rijf:2~) 2e.6

For the amu of bide~poadot raindom va?~als., the =nor Is the mu

th~e msans of the tame and tho iur1~ce JA the aim or the vari~aao.

in 2(x f X 11

n/ 2 nA 21~

114

IFVtAI

Itte&t~n~ wtm n--oco e&Modt emd.~Zteiurencef~n2as)m

- Z 1w
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ILot U cesidor the cane in vhich the 1n.co~ing niom1 is a rectangua~r

rains vhirh is neconcds 2Oflg. "wi eMwr of the pulse is half its duration

j w~hore 2 is the pulse anergy. It hen thin value on M sample points and Is zero{ ~at all other. For tWe case

o P(Jn L(r)) 1 X

x o

2 (4-.70)

Also,# for this case, the aisfribution or .1nl.(x) is appmamtely

rAM1if X 15 mach ldaWje thn 0M. S3nW0 it In the suM of X4 independent

rmidma vfzinbies, all bavng the om diztribuzonv It =mstp by the central

lbdt- tbmIs amprSAh the =mg~u distribution as N4becomes la~rV. The actwal

didr~miCmifortbUs c0O 016& canbe clculated inthUL case, since

½m. problem of finaina the auu- ibauan for the s&m ofr u indepenaont r=&=o vanl-

I a~bls,* oach vith a vrcdb~b1ity density fraction 1(x) = x exp (124('x2 )]IC)
arssin the wm~aliahed repw't by J. 1. Mfarc=#, A Statiatical Themz of Tarnot

Dtecton by Pul~ed rodar.- -! *tietcal, A~wcdixProject Band R~eport 11-113.
N==cu 5ive an exct 8xproes41cn for this distributioz. which is usetul oaV~ for
sonil values of Xp end an approxiwmtira In Gram-Charlier series which Is more
acuate Una8 the nmmTl aPProx1=;Uioa given here. MArcum'e expressions could be

Ivo in UdAi coee end In the case presented in section 4..6.j 2Cma~r Bf 24 P. 213 ana 316. kraCrziuj,, Ief. iii, p. 180-9.

1 '7 ___ _ _
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expressed 1z closeod fam Mw denoity f•nctic fbr tbB distributIm In

plotted in n&g .• r" several -e 8aU O of I. &the d aitoa ut

of -in Aix) for odliYl plus noise 'is z~ wirly nomial tim the distributui

fo noise alms., sane the dis•ributions 1j(r,) are are nearly nomml tbhn

The receiver opmratfng chSraz-terit for the cam X 26 Is plotted

In Fig ).1U using the osal Ciastrnutim as nppr 3t ton th true distrl-

buti•. In many cases it v;U Ie found tibt

In such a ewa the dixt i co ave the am variance. Asamats

norinl distrVbut1am then Ied to the ctvm or 71g. kI.1,* wit
\2

Ii,6 A ada Case

This section dealas ith detectIng a zdar taript at a g1vean run.

Mt Is, Ve OhI aim s t the 8i60l1, if It occurs, cm uison of a traln at

X Paulses •i•ow t1n or occurence and envelope sap are m. - noaxrl

phaso w= be assw ed to hve a vnifom •ait t or eac plse p uIndep8n

of &.11 others, i.e., the p2m1se am Umhwoam

Me. st of signals cam be Cseam~bed an fco1Ion:

s~t) J (tiuT) COG (Mt, 4 )
Sw3.0

,ahore the XC angles 91 bave IMndepwlet um~if(2 zt- s , An the functioni fs

vhich Is the envolope of a single pulse, ban the Wapezt that

___05
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f (t+ir) r(s+ r) at

waure isl the IKronacker delta LuCtmtion., vhich is zero If I a , nd unity

if ± 3 The tima r Is the intervao2. between Pulaes. Eq (4-74~) states that

twpul~ses aespaced frenough so that they, ame orthoamnals and that the total
aigrA1 enerC7 In E. The function r(t) is also assumed to have no frequency
componenits a~s hich as L

" I The likelihood ratio can be obtained by applying Zq (3.7).

.1(z)~ ~ 00 8o~~E¶)~~ (t) x(t) aTl P() l.5

a 1p1  f]~~~z[f f(t+m1T)z (t) con ptQ9)t5

(1e.76)

The inteoal can be evaluated, as it Section 21.3, ana

.1(z a a~w~jI i~~')(11.77)

IPI

Ths2att sams ~aia wt h uniyruihapee
in he ~scsa~ o th cae f te aialknwn ~cet f crrir pSI

appears bqcanst.totyl nr~ Isams idn 4tImes vthe ther~o qantt ahic appeariIn h ~csiuo h aeo h ie m xetfrcr~ b"
Setia 7Afct, ah _________wdla&ralw & h vm

-~ ý IN
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described In that sectlen. The ro is conected vith tha first pulse;

itcould be obtained by desigaing L. deal filter for the sinjaw|

for anyvlue of th e angle 4,p and pt t outp ro a a linest

detector. The output vl•l be 0 at sme Instat of tmteo tohch Is deter-

mined by the time delsy of the filter. The other quantities r, differ only JA

that they are associated with the pulses vhich em later. Tha output of the

filter at time to, +m z ilb

It Is ccuvenisat to have the recolver calculate the logAritlm of the

likelilhood ratio

In (z ~ + Z T,~ (e.0

Thus the In 1, ( u)mat be found ftr each ry, and tbeae 14 quantities must be

added. As iU the prwevios xecti=, wil usueIV be smell enough so that

-in I() c bap o Ite by z' MwTh quantities l " can be found

by ucing a square la detector rather than a linear detector, and -Jie outputs

of the square 3Aw detector at times tov to+ F, ... ,v to + IM-l)r then =ast be

added. The Ideal s-stea mtbe coasiets of an tf. amplUIr vith Its pasaband

zatched to a sig~passij, 2 a quare lAv detector (for the thresizold som~l

case), and an iztemat-Im dev•ice

.We sa fi nodz= apA=CMtrLaD for tba distribution functions of

the logaItlm of the likelihood ratio uainn the aypo tixtcn

2 1t is usU1l2 vast convenient to Nmu the iseal filter (or on aPProxiMton to
it) a part of the i.fo *2J~lifiqr.

2 ,
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vhleh Is vaid for o=31 vmilues or1

14-1

The diztrIbutions: for the q~uantities r~ axe Indepen1dent; this tollc'to fraut the

fact tiat tho Jndivida~ pulse fuctizws f(ti~mr) coo (wi t.G%) are orthog~onal.

Tbs ditirB~ution for each is the saw as the distr~bution fcr the quaantity r

Vhtch a-mPe&s Ini the discussion. of the n1G=1a ]mown ercept, for phase; the same

aml)Pvlo aipplies to both cawes. Thus, by Eq (41.22)2

e4x]

1-1

and b2~ty ~C4-1%nb ot1. ydlfrzta13g(i8)an I.t

(F!Im¶ -x - -No II D

-0 11 f
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VdAIn i the aamO aituation, mthemWctiC ., an aD ppeard In the previOus sectiont j
on pmg3 3h#. The stwudard deviation and the m~an for the logaritlua of the

li1alnhood ratio can be fcwid in tho owrn rnmmer, and they are

S2

, cj .eui ) -~02 . £
23 2

g1 2 (.tn~t) - _ (14.86)

IT the dlutrl:butic an beI assm8Uld nrm~l$ they are completely doter-

mined by thair manus and variances, These formiula are Identical vlth the

forimila (h~.70) on pel 37 of tbe previous section. 'The problem Is the same,

mtbamtir~alyj And the discuss Ion and receiver operating characteristic curves

at the end of Section 4.6 apply to both cases.

~4Appr~grte Evubaljtim of an Wpimm R~eceiver

In order to obtain approximts resltat for the rerainung two cases$ the

assumption is Umde that In tbum cases the receiver operating charactoristic

cam be aprmimted by the curvos of Pigs )&.1. i.8.p that the logarithm of the

Siwelhood, ratio, is aprzmeynuail. This section diocunsea the approxi-

ratio and a methoa for fitting the receiver opereting characteristic to the

C=T"a of Jg& J4.2.

it vas pointed cut in Section 2.5.1 of Part I of this roport thAt

7 cmn be c~A~c~~ed, If 1l.8)I knowin. It was Afuther pointed out that

tb.- nt mcmoit of the diel'Ttrlbtlm Y.C 2 i0 t (n_4 )th momee of the dietri..

butiou Xa.).Kuce, the mean, of tho likollihood ratlo with noise al.one Is

____ ____ ____ ____ ____ I44
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2

unity, and it tho vaxriance of the likelihood ratio with noise alone Is tjiCvf~

seconid momuent vith noise alone, axz& hence the mean with uiual plus noise Is

I + Thuei the diffterence between the means$ and the variance with noise

aluao~~ ~ ~ wetesm ubra .* l nmaber probably characterizes the receive

reliabillty better than aniy oeLter aft~le number.

Suppose t1~e logarithm, of the i~kol~hood ratio has a nxormal distribuxtion,

with noise alowsp i.e.j*

721c 2d- 0-i87)

utiore a :is the mean and d the variance of the loprithm of the likelihood ratio,

The n2a ment of th.o IIke'lihood ratio can bo found as foliws:-

0 2d

whgoe the substitutionAu omp x has been, made. 7he Integml can be evalw~ed by,

ccmpletiig the square In the exponent and using the fact that

(D9

u[- 2 x - vr2-xJd I~9o

ine vartiacu of th )wthnie awon of 2,x ~ vbc was be~ u gI

AN(A +
27

and thaet_

3L---
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(.1 2 ) -[tNe2 + ~T()~ + 2)

wAn this =aat apse vith (41.89).

FLN(IL) 1 i+oN^.2 ex 12 r2 +i 2m e2p~dI (It.93)

aMA therefrc~e

d uIn (I + o*N2)

The distribution of likelihood ratio with signal plus noise can be

found by appljiza Thew=o 8.1

Slttit~tiDdfUP V.II

OD

Ulif case with ma and varlence d.

In spry,, thie variance ofth ikeiiuoo(I ratioprblymmue

the recelier melability better than an other oiaijTle numb~er. Ifie 1aroft

of the l1kelihood ratio has a norml distribution, than this ditiuiam

"See Part 1, Section 2.4.

ý!'ýgj

4t, Le
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2
hence the el8pal plus noise dIstributlons are cozletd2y determinaled 1f f

Is given. Both distributions of in 41z) are nor22l Vith the mm v-ance d3,

me. the difference of the mean is d. The receiver operating crctaritle

22

curves ore thoae plotted in Fie. 31.1, wlth the paae~ter d related to'Oa

In the cue of a sigaal knom e=ctly, this is the distributia vhich

occurs. ]i the caves of Section l4.4, Section 4.5,9 and Sectin 4.6 this aistri-

"butioa is found to be the limiting distributicn vhen the znber of saLWe points

Is large. Certainly In moat cases the distribution hba this emral fa. Th•u

It seems re, aomble that useful arpproximate results could be obtained by calco..

latng only for a given cue and aesmdmg that the re"eLr reli•b•,lty In

approxlmtelr the sam as if the lol~r.tbm of the lIkellhood ratio bad a normal

distribution. (ntisbsi#a Is calculated Am~ the fofmlang sw~etis

for two cus., and the assertion is mado that the receiver relbiliy in given

a4pproexmtely by the receiver operatIng characterlstite otiu of YI&. .2 vith

d l (1 + a,2 ).

.Sinal lflch Is One of .H SIMI

The foflwvng case has several applications, vhich %ili be d1mmued In

Section 5.3. The Unprtane of this case, and the =u mallo #t lbW In

the fact that the umcortainty of tho spal dC tritin can 1=be arie b1

changing the pereuvter X.

aqppoes that the set. or ezpoeted sigmeal incluafts t X Qztfrjm2

fimctiona a(t) ll of vhich have the eamr probablilty, the amm energy * and

Li"WI
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F'S
SO-~) llqft) at (2314)

TWm the 11take~ood ratio, cai be found frmz Zq (p7) io be

k-I
vbee wxi are On umqae values of the fw=mtiU ak(t).

ba~ a It abcvld Inclewr tVal vth nols aluM, VIC teri 1
fimctims tpk(,t) are crUtl~al. IM fd22mm On~ tm tam 9 1 oi

sinim c~ e v fr 3xwe orleach. tw. t~ fm3.U

16J rasola isth as tbAt CI PVIL~

AN'V. L~ - = Li;
441 --
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It fbonlw tha~t tho vm=P of oeach term Is unity and thu ym-laxwe is

0i -Z Jj(z) -. *(4~

Theo variane of a aUml of independft ravil var1iables is the mm2 cf the vLarnC3

or the term. Thorefon

0, 2 (HI) e leP- .~ 'Lam)

vad it foflcua that tho varlence ce the 1ikeli~ood ratio in

0- 2FIeP(~ :] 4~

it man pointod out in Sect±= 1&.T,, P.ý 4T that the r-e opeating

characteristic curves we ~pwime thwe cc YiPre 4.1,t Vita

Curves of~ fmr contant d ane plotted in 7-4& 4.322 ThV ftwb w b

simal1 enwa' =at be InroArmod vbme the =mbar or po ~e~il aipal fthcreau.

.9Sl~a-l Wdhich s EOf Xz 2de ::zzzzzAhtui cmerPs

M4 differint az~p1turle modIulated sipals vhich ares knwn exept ftz =carrisaw

e f(t) f oB Cos(t.+ 0) *

____ ____ __-g
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v1 wU be tweued fuarther that the fw~rticw ftt) an beve the nw~ amerf 2

er ~~Adu~t orhywr q(t) -It 8k #

vhere the 2 in lntrodaced. because the f Is are the eslia] amplitudes,# not the

aetzlsigaa fncticww. Alao, '.'At the i(t) be bana-1mited to contaln.n
frequencies as hiz TD han It £oflov that any~ two c±gml functionRs vitk

different envelope ftmotioaa Vfl be orJiocanal. Le ssm as t l

distribution of pbiine 0 i vm~fora and that the pzrobabllitr for owch envelop

zW~th tis a nsq*=, th le o ratio can be obtained fz=

Eq (-7)sand it is
x 2

f =P) IN Xif asp[0Iz107)

vher and tre the nam~ie values of at (t),v and hence depend upon the phase 0.
The latezm't~m Is the sam as In the came of the sigxul knmw except Aw pIfts

and tho remat can be obained frcin EX (k.".)

who:*

rk j 21 ifk() coo O +( xifk(ti)sin wt9 .

NOVu the problem, io to flJMh The verimice -o ficac)i tam dn

6____ ie
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d ir~u l o f t h e ofisothe

8= Of tiie "lri, en of tb termL di•ided by X2 3.

(p)• -/k)

i Ir m eeCa tan m In e s t te• :f4 
J

L --
2

This am .be , a ro . In t. "t

fte ecen mlorf n team I

I" S
0J~2 2

II
0

• I
1" I 

.....

____________ (11,113)1

-3.
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I he~i~t L [(k) r)[ k)Ir -P ~ )i

I -2 (I) M[I(E ) 2r6 and

I I 5aifce ther-I~ c v roo oz the wrm of Inaepaident rmarm varUSmbleaL the am of Us

If the a-womimtioci in~jr~e ±Sectiai 4.7 LU =as ted, raceiv

opeatfg cebarctezis±ct CIWV6 ar appjaz, tely those of 7ig& 4I.1 vift

SId (I In3+ a,) I

CIwvos of fos X arastant d we plotted In Fig. I'.U.

jm
IJ
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5.DISCUSSION 1C' TIM $PBCTL M=3

5.1 _Receiver Eamto
4

2rotluction. Mo Saction 2.5 It irn s abo that the remlyar

re1la141ity c=n be doternlned frr the distributica functions for lIftlibo

ratc. IA Puarticuilar an optimum crite~ion receiver opmrt1fg at the loyal p of
likelihood ratio hs false alarm Vrobabilit7 Px(A) - ,f~ and ;wobdbl1itr at

dotootion P3 K(A) , FS~).Te fuoticnB ?,(IS) and 7E re a calculate& In

- ~Section 4 for a inn~ber of special cases.

For the ram'ose of discussing receive reliabiity it is sumifflit to

baew the receiver operatitng charactaristic in v22Zch 7=(P) Is gLotted as a

IIf'mction Of FXN0 ). In thl iscaussian AW plas a a secandary r" te

The receiver operatng characteristic sabom In Figure 5.3. aqlie to

6 V caSes. AMong thAM IS the case of the alpal kmaw maotlyt with the

pavaJIetel' d eqml3 to ,twice the ratio of siguaI emer to noise powe per

unit bandwidth. 1 Tus,* for exmple, If the nsI~w Is a voltWg wialo is a knom

I funtimton of tim, and It the signal energy is twice the noise pmez' pr imit,

bandid'th, theoreticallY a receiver couild be built vfth false alarm Wcability

of 0.2.5 and a prebabfllity of detection 0..90. If the fglem alam WobabIlity Is

greater than 0.76. If the false 6Ala rm bality is re"ufred to be no &mtrb

then 0O2.W andi the prdlbiflit7 of datection Iis to be at, least 0.98, the sipaa

energy uwt be at leost eight times the noise power per =Ilt bautbdtht.

5.1. Ccpareoa of the 1imr A Cases. Several mxvw far the camm of

a signal kown excop ta f'Phase are shown in Pig. .5.2 for aeon of tbe sano vauies

' See Section .2

54F

-~ - - ~ - --~ ~ _ _ _ -~ &
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of thO ratVio m as 8PPOw in' Pis. 5.1. The emnea for a 43.l= caoray hao beolw

those fow tbw cawe of the oig~al, Imam cxactly~; with a Given false alarm
p one carmfot achieve am hiah aprbilt

- j ~of detectiam If the carrier pbaa4 of the oi~ial In wilcnovi.

It was fftmd that In several cases the distribution of A2 .I(x)

appoached a. mnoak istibution an a U mitirg coand that in the uit. the

variance with ailma plus noise and the vmrlame with noise alone aer equal,

In any such emm the em-fD5 of Fig. 59.1 ally anti a Oaqri5Cui of those caOse

- I ~ I is imllfie& T7r eam~ple, In the cauo of a sigJal which Is a sample of white

Gaussian noise it wau foundi that if the nmber of menle poltts is lax'jy and the

sipial to noise ratio Is all,,l than this approx1mtio applies, with

d (2* !&(1~I)2s

Other' curves tar this case, aeon vith smm)l sampl n'zibor and moderate aieaal.

to nolee rat1% we given In pip.. 4i.6 and 4.7- The exact equations for' theI ~ ~disftriution are sq (433) recive (4,0).? haa

The foilm~ing twio cases lead to the same rcie prtn hvc

teristio in the a citinConsidered In Sections 4.5 andi 4.6: (1) the broad

baud. receiver with cptlm= video deaig.* vith a pulse. signal., andi (2) the aptlm=

receiver' tor a train of PDlse vith i1ucobereat jdbee. In the first cme the

paremeter X vans takm~ as the product of the total bandwidth of the receiver and
the pulm vldth efthe a'ixl. -in the case of the tren of IRulsS,0XIs the

nualber'c Vat ies.. bt each case I Is the total mm~ of tba si8mlU. Appruci-

mat. roftlma sqezatfr chemcftmtc*am F latted laz ?1g. I4.1. ftell silg~a3,

to noises Xatio atil lex'p Xt leAA to the dilstribuztimus fr' which Pig. 5.1 Ise

7N 7 7-
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plotteds this time Ulth

2

2.1.3 An ApprwdLMte 1"vluation of -OptImm IoceiverS Scm 8i1201

evaluation of receivers vanS zedd because of the dtfflcult7 ini SGIVkng Wirctl

tor the distribution function of likelihood ratio In any 00805 cO C~l~ftted

than the awes alrera~ mentiorw&. it seemed reaoonable to appwoximte the actaU1

I ~ ~receivar opaermt~ng ciharterlutdic by the curven givm i n YiS. 5.1s flnding Inl

Osm mr- tho uluze of thes detection Inde d which 2em&.r to tbO boot fit of

ithe approxzite, cur" to the real cur . This le wA~~tod b)y the ocaac C O

- ~tim C'Uws of VI&. 5.1 lu four of tli. fiv. cases alveaoy diumcwiod AlBOv OW

rcOwivor oporat~ng cebazzctozristic mzst have Sn comm vith the cavS ur 71&8.5.1

tlhat Itas vope is poeitire =a ite second derivative is meptlvep Ubl that It

nuft, start at the lower 1sf t bwi cme and end at th un~ewr ?i~t ban cme

It Is Wubm In Section 2.5,2 that the varimoanc of thjI 34blhpo

xmtiLo vbcn tbere le noios alome is the sano as the diferued at the -en at
1flbglhoxd ratio with no~s, aloi and vith ai~m2. plus nodime Vhls puineter

wV seems to ebaractetize vd1a bettor than Wn other single

=Wbar. Xzh soctim 4.71 It U~ sam that It l 2in Stva ond the 1oiritb ce

tike lihood zatio Is assmd to kAwO A ==Oa1 &IE bU9W.Am with =Is" alum,

then it rollows that tbA aogritba of the likelihood ratio with mat R -IiM

j noise al3so las a num dsriuto with the sav Im--twe, -and tbme the

z-ecelrzoprtvw-cersi to that of rig. %4. The indlzm Cris silen by-

I 5 U t~~i~i+r2) *~i~q-

WIý 'j



ENGINEERING RESEARCH INSTflUTE *UNIVERSITY OF MICHIGAN[3 2
Xt see ftms esnble tbat thn curres be fitted on this baosis LWoop tha

be determinod for tba actudt sitazatien andA t~he approCxima -1 1r0ceiYX operatIflI i cbamcterwst13 ai h b tak#n1 an the curuw of ?Igo 5.1 vith Indez d givem by tbe-

[T e of H4 Orthogapl 3lui3.g The methods of the

[ 4 previous section lave beenh #ppLed to the ca&" where the, o;perator ]mow~s that the

I ] iA± IJ, It it occiws,. win oj c of X4 arthowoaz fumotione of equal ae~hr(r.

Iorthoawi, of coum amn that the fwiotlc bave zero cross ca 1eltiom, i.e.#

f (t) an g(t) ame wtowai

fri f f(t) (:t) at -0 .)

vbwes the Inteutim Is ova the obeervatimu interval. The value obtained fcr

1 2

I ~ ~~ThO Ya1lueof o wa- auSoe fotin for the ama Oiie e ach cc them wN ogoaa

I ~~sipms is kwimi, ecept foar Ihmae, =d the pbsee angle ban a ami~fora distribubimz-I orw this cans

j -2 2t. ~) 1] anldhamLO 0-1117)

1=. 0
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the yrdblqo of a si~ial of u~mauii t612o orIj,1n or a siC2)A1 of iunk~om ZfteOW3D

Iif the problcm~ In hp lEty#otattesatn i Isrtice t
4tis opccod approximately a pulse width apart, then pmUlen stav'tIng at d1.flrent

IJovolb app m'Imatoly orthogonalp and the caue of the signle~ woe of 14
ortbsona sinalskwmojoopt for phase could be applIed. Xq (4i.31B) should

jbe usdvt qa othe ratio of observation tizi to pulse vIdtb. A alifln

arcmm aplis o hecase In vbich a signal is a pulse Imown exce~pt for phase

end ontr fvquncy q('4.118) ahould be used Wih 14 takcen asuthe ratio of

I ~total bandwidth to cipasl bandwidth. It should'be pointed out that It la not, the

mameto assum that the sljaa3. coni appear 174 only a flulte number of differmf~

V ~~positima, owtn thouob the poeitico= aro c2.eje to each other, as to say tbmt the

saimil canl appear anysfere In an interval.. Thera Is rare uncertainty In tba
latter case, adthe fignal cannot be detected as casily6

2.1.5 Tho Broad Ban&4 Receiver end the Ideal Receivur. Onae ccmo

wsthod of detecting pulse alam~le in a frequew=y bond in to build a recoier

J u~vbwo bandwidth Is the entire frequcAcy band. Th* receiver opeating charactexr.

WU*i for such a receiver with a pulse slepal of kuow starting time In col-

cu3.ated In Section )~'*Thin Is not. a tr4ly idoal receivers and It would be

I Int~uorettug to eca~rem it with an Mea~l reccivur. Thina can be Aa uaIr Vw{ app~ozI~tOn f the precodine pamagrph for the Ideal receiver. S~Ince, the

tanawidth of a pulse ia approximtoty the rcciprocal, ct the pulse vidth, the

I ~paramotor 14 of Section '.4and the -varamoter 1.1 in Eq (14.21B) are' both equal to

- 61

7' 77iy,, ---6 -
m r~4
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t I the imAto of tOttl bembndth to pilus )wdwidtb. C~uve thawing so &

f~tmof d We Six= in 71&. 5-3 Ow tba apjacximte deal reeniver andthOI
I bxoad bawl recoivw for several mimes Of X. JMw exPrOWgirjue f~ d Is

F 1 5.1.6 ~ertatnd - IME1~ Dwmtectabfty. J the two cmeao die-
cuased In Sectlan 5.1.1, vbm the Bawlin Cmalaiered Is ane or wMoganai

th etnu the s1gmi ine fuamct or X. Thin Ivea us anf ~ ~~~o1T~tunit7 to satuýy the atrewt Ui thaw t"m casos ofa crani in

dateatab1Uty- In the taaixroiute, evau&mti or the zweoiwr built to detect the

PrOBsO.O of 84a aigza1vh! the si~md Us a=. of X arttoacml ft~tia= the
t ~cmiwyu Of IPIg 5.1 ame mod. vdth tUs datectlim i~e d givmi ?

if I a 02 amp~~kx(~

the alruu heiW1h41A.5the~ntc e e
tiat ~ ~ ~ ~ ~ ~ ~ m th 1fl~ i ~Nms 7  i~~mctimi of An Vn 7mthe

detOcUMInd d d h ability t te 20U4Aj camtinnt.2

.IL&!I4 be 8U8m2etd that In & 14M ý-.mctjmi of the afUvtj-II I NoW,J ii~~m ~P.& is ~tfw am awaiezi'-#±~~~ta ~ m2jI ~a-ai c~am l t e om 1w g s. T m c p c l w * L c z~o i th s &me

- ----- - - -_ _ _ _

, Pre4

~Y?~i~Nk
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2.2 jDeceve? D~ei~ There awe a few cmmse 11282 the roweivar dCs191 is uizV1*

I~ to reCify If the INois is Cauasimi. If.# for C=Vmple nt, Only thC n0i6O* buAt

S ~also the ai~al mme uwpissland 21 both have a uniform apoctnm ower their

-~I beiidv~th b he the orti== receiver ei1 MMOUurCe the enierwr vwti cams in

I ~durlug tba Gaerwmticn perjoa. 7he ninpL relaticu bet"ieen ener~r and lkeli-

Fe JioditiolaZl~vm by Eq (4.1i~)of Setim 4..

I ~ ~ n a izlset rw~iming ccs in tbat In iihich the elowl is kaom

1 exactly. 7hai tha tbow-7 speci-fies that t:-. receiver find the crows corre-

latin between tbo expected oi-iau. ad the receiver input, i.ea.,#

I I! ., B(t) X(t) at# 5~

bwhoe aft) Is the expected aipal and ift) is the receiver nUwt, 4m tbe

I. 5 osersatim~ intarwal In frem t m 0 to t = T. The ratio a!P this creess correlatioft

to Use nab*e pImmer W nit )anmkuidth is cam-bol~ tbe 2natuva l oqxrith of theI10Ma rai.Svrl y±t ar~aisdvces bavo bom built

3 ~~Theze lap ia this case, a sxuls ==an of obtaining the *=re~alatin,

I ~It the idi~ml In ciiple in fain, for mmaqle, a pulse. It a fiter can be

deal~1 mawith Itpulse reapame

h (t) - (?-t) if 01itf!

and ~the recelipar ftyat applina tA tba Miter, tben the output at tim T wlUl be

e4)~t aln& w.3;L wm, r
wtaI s.3frLvi ebt vlc 7

I Vf,
~~~Rs61p~e. .14; J&&12x~~~ ~c. ~*£~' 1W.~The~1~ ;f Ha.. ~ Lewli w&R~ttE8u

A"t~
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TT
: 7(r) h(T-r) = X(T) S(T) dr .
-OD 0

.hich is the requtired correlAtIon. It turns out that this In the iaS fltW

specified 'by Middletonu, YV= Vleck, Viener, North, and Rmnase8 the filter vkhish

_i 5imalmizos sinl6± -to-noise ratio.1

if the s1igpA1 boing saueit is an aznplitude miamu~ted siowil 3mm

except for carrier p•ase•, then the idel receiver hbas a f1ilter Me the Weo

I specified in the prarious parsarap•h designed for a1 particular p* e. Tb

I receiver Input is applied to this f ilterj and the output Is en rf (or mom

lkely, if) voltage. It twmn out that the envelope of this ,-dtmp Is the

required gumrtity. -Tte relation to likelihood ratio Is derived, In Section -3

and presented In Eqs (41.19) and (4&.99)o

A look at the General equation for =likliocd ratio

F(x f x[t) .(t) dt P5 (s) 0-7b)NO 1R ~0

.u~osts the tollovina mthod for doonigizig the optimm recelv•r for stl8W
- detection. F irst Jnd the correlatio as described above. between t roelm

Ver unit bandvIdth., ard find, the expomential fumtin ofach. lfrsny ly,inJput • an possible expected dlvex=,et'e ah•,]o i notise

weittod avorage of an thone quantities. The baril Vnt s to find the ZV

correlatlcn botween each expected sigal and the recelyoe inp1t. Mi m

that the ideal filter and aesocwated anpliflere are needed far each eupectW

B58o.a1 or essentially a separate receiver for each expected sil~l. U mt

liamson. and thlonbeckp Ref. 1,1 p. 206; North, Pef. U,.

ii

S.... • I.-'. t
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[11883 this lb omit of the q~wution. In the caues studied In Soctions 4.29 4-.3v
4., and 4~.6,pso peculiarity or tho wot of expected silouls raft a simpler

i,16W receiver poooible.

jTb= Is another noteworUb caso. If the signl Is Imuo except for

tta tadng ts tUem it In vufficlent to look at the neo ideal filter at dlf-

S+ 1 •Dfilter? Thi c:an. beo ow,=m by finding hm wenl oa:grl detection can be acc€mfore Tooim rather than oaie thve ca oifen fithe forw each exactly. Tme.N

S! :results far Ih• v follvi vith litttle ='1fictlt_.~on for the other cases vbftv'

Sthe MO filter is Ua T theory specifies that the repos of a cortaju

Mte tor te 2ven a Wu bi e squaore auoet Ia fratelz to santh Oe I s kzost

i td the fIte rexctlr bas this h or Iti lealr tthhati this filter mut be the

I
filer whisb cnu e the Zwantwrned alfidngawvel output detectior cn) tbe acom-eI
pra2s witp (cc uaaipprowati ben g t o pthida fixted. dIsteramheftr

j

i a other utbwo it fconsid er he scas o-ft-nohnia atio I* the a no. The

1: resnults fornt qthisvi forlo thi oaaltl o h te ae h

tIe aL tor cas u be bunt tar seie the outhu ratio of peak eigr to

*- 1eIear t a m a a within .a f an C this

t it.

I m w'ich t ixisote th6!;.t~ou ' o hefOu

( o-U TX+ - -I U ---J U J ~ Y 4+& . ; +'2 W-• -+ " -" -1 . . . .1 "6 A"

. . .*- -u

holtag
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vb= o zc 1~ tbo Aoion PMWo VWa =mUt bonWMt of the 122p11 =~106. V[?1 301 en' d the tuct Vant h(t), the IrMiUh ruwprzwo In the 1&ouriiW tU~fmfZ

In tbo caue af the ldwa] filtar, Sq. 4ao2 can in aryaseas an h

result in

0

a ct)' at 2 I 007)

b=d henc the .pel. ia1 pav at the uzlzt1 A rto of To& slwul

paver to Averam oif, pavela lbs te fm the ldumi caum.

T=r the patlUmd= case 0f the sliva c=Uiting of al s~gUS reeti-t~

1st Paws If =n W filr Us usd wAtA U tiavcmtnt "0 of the pawm &utýa

the muv aporatinj chexatmru-I ini] Tb. them As If tus limas tnter

vmwAmdU la ~cd0.0z zzel !lvdf tadt1
antcea *taw paw am=oucio haw cbe!om eWm oftE~e r=UDW fwUe b1 f~'Ulaw

of. m&___________ftth______ _u

Ca ns, my#~~i' ~

1, IDA
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imJIs

Th dlIeuvlt onv bandb aEqusialngth b=Loa

oftIMt.U in Pulsen Fls the fo the f3itar Btrend la

fo ecivngpulseso kwnfgetiulrPaeon .8 b

mtcaiiart 1o h Lao Simple DeFtectb!t (clt o b apia

tim f te Um7 1eaetedin PrtI t Tu ied spcuialcaeso 090S detcto

foIi (etetmmit~ elgwDec.and() tihge ofe Ctcuit 2.67 d

'hs cae are___ deio nLwo-adU1-nek* ir 1 .26

I6

kuIý-zI Te nniu.q~imlit osewasobtiedb -Njusinthbadit
j ofthefiler.~1msin otot~n ~iaes he ormof he flte pssbed V

L.W
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wl sPecial c~so vblcb we Presenited wa eboom ft thasscia

MVlisted In Table Ialong with ormaplel ce unegnbaxju VX~b~m hi Ad&~ tberr

fIdq;U&w

Decipmo

Phs 5iWWl andvilt Ug of M

ram ant hM tr1 11.4 ~SIM2sl a SROa1 or white Detacticc ofzWIs-11ta Siva~s!
samiaIofs detectiat cif Spsech svxItr4-I Y~~~Vde DWGM~ cc a Broa Mutwctfg S, P2Us Of Immu tat.

bin ~AsM l LM@~ a time (sma S a _iet
rader- bmAm)a vith a cx~s .l-VIdeO
4e othar t~rs, brod band irecvtr

j 114.6 A RMs~r Cma (A trah of Ozeabuy pelt. Vaa V:It hat.-
i~iseswit hoc~~ui gatIc M an ith a tar~t at 3MO

S'Cn 000Of XOr~wP' Obmxra ~MUM Urn te tcrget ft
10.9 SJUIG at am CZ a Jfhite muiw Or nom

Siva030 f X MOM hftdM.7 pus. =radni'dth rp Into-
mxl Sii~w's Z=W1 Y GCOct "ai~ Vd th aL ttur~t Whiskb

2tcg 11MW appear at am of a ialte
rmbeiat V appOzar VasIng

I -24
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2 1n the last two cases the uncertainty In tho aigial can be varied,, a saw-

I I~~ight is Utro=aion the relationsohip between uncertainty andi the ability to

f ~detect sials. The vwriety of examples presented should serv to su~st

mthode for at~tackinxg other aImple, signal detection problems and to give Imaigi

i into problems too complicated to afllv a direct solution.

it shotld be borne in mind that this report discusaese the defectien of

sigals In noise; the prhlem, of obtaining information from signaals or about

signals, except as to iezether or mot they ame present, Is not discussed. Fur-.

thosre* in treating the special caeses the wise vae assumed to be Gaussian.
1 2z addition to ccneral rerarks an receiver desimn, moat acaticna cc

PP cssInclude specific information describing the sillest design A

the optiusi receivar for the caze considered in those section..

Por the sinple uuues the desiga Iindicated cu oIIwJaspn closely to the

dm6101 indl.~ted by the type of analysis In which signal to noise ratio In
mzhzad Pr te mreccs4lcated case th d eslu ~su ted isusually

* I iopmetical. For some probalems It my never be practical to atteupt to build am

Optimasystem. ?or otzieras .noweer, engineers equipped with a cVod amderstana-

Ing of statistical methods and their application to the "rolam of siawl

daetb~lisan.t cwmunicton te7in eeneral, will vndoubtedly Invent

For each speclal case treated In +Ids ~~prat least an _ppwIm ct~o

Is Zftsn tbr the receiver performance. Receiver performnc received primar

I m~*as beause it has Vnerally been &lighted In previons voft. It Ia

Aft toos Aw f Mn Page 4 ith zs1men9e to twi speatm at*m u m

%sSectoion 5.2.

1 70

A-
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12)mtaut to korm tbePerfomsnc vhldz coUld be obtained fro= an optima

?ocslw80 m t i tIul" XOceiv caZD be bullt.. since this sives an 'ippo
lcwd cu the perfo~wne which con be obaanod with az rcolver in a &IV=n
litMiatin =d Since t&19 also giien an uppez bwam an ubat cmn possibl be
acc=aiahod by ib.; g utg In secolverdeoam.

?t -2. q 0
ýAI ý;P Wo,

- fO
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The Suampl1W !Meow=I

Suppose f(t) -is a measureable function vhich ±. derived for' o1 t 4 2.

Then f(t) c= be c~cpnded In a 7ourier series In this Interval. The frerqjieuqor

any tern In the aeries Is an int~e-gra zultipie of ]/T2. Stppoe thexe are no te=

-'An the series idth frequency above V. This makes the function band lUmIted.

Denote by #A(t) the function

*2 a (D.1)

si[ G -( 210

r(t) f f(_R)*3C~t) (D-2)

Purthermore, the fmations Itam ortho~ozial ou the Intera~l O~t:S?p

and -

f * 5Ct) ft a..(DJ)

ivhere 3Is the Ironecker delta fumctoni, vahIch is zero 1f k am and =d~ 1

IVshUaZ 7 .san odd Integer. This equivalent to cheooasnM the l~mtzdt
of the band -half Ma betwen. the frequiencry of the last non rzeird tern ii -the
Yourier series a-rvl h rq~nyo the nx c~(~co courB0e. zbas a
zero cfeticient. ___________

a -2

-- -- -- ___ - - -

~3
N . - ~-~-
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it fonanw from zq (D.2) md Zq (D.3) that

2 31 4 f(

sAd fram 24as (D.2) urA Bq (D.4)

2bna the P11 fumotlons b ave the same properties for the fbuitA

1ae~1hthBammainter" POIat~on function m have them I&nfite latervaL.

It Is interetvmtU to ufte that ham is Is lre these fmntions, except the

one.marthe ad of the Interval awe approximately the Sm as Shaui'ms.

Me Yj~lw~ seie for j(t.) box no termi vith freqwmx.7 Aba V.

- ~E v En.4J 2 ft (D.T)

Slia am be Abom lw e3Wmudang the slim functions in ]Cq (D.l) aseontl1

Pblulu (.~cm be provd by In"Vtegrtg 2% (D.7) directly. Sot.
Abst lbe only teIuWhIch cotrlbutes -to ~the inteqgru Is fthe -imu Sow ,M*

See Shannon Ref.. 21.

75~

A t ~ -x

= 
4
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Foriinlo (D.3) can best be proved 8WAo by ueii~B tbe iAwiiiO zerlm.

IT
dkft) at

p 2 2 _ _

1 ~ ~ 4W ZIJ T ____ m 21a

(2 2

12)

-9 27

31IA4w D

Ifatp ach ofthbe WT tamInthe m18Is vty. It the te-noIn Off

aim an equaI~v upaced ,xrmd the %.At afrcle In the kro~a= p1m arA =atam

f #t,() kt) ft Bk

II "Mob~c vex to be prirnd*_-

JT I
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The validity of the expnmuaon in equation (D.2) follow from the

f.et that the functions %n(t) are w lnneariy independent linear conbinStionis

of tbe M fulctiols

T 12 2

lihich are used In the Yourier series ;.puamion. raws aV tucticn vhbih cm be

expmaned In a Fourier series vith only the first 21r te. can a.lO be .xpwaflde

In a nq ay In tenms of the functions

L There is an alternate form of the sup11i theorem for bend 1i±ted

sigmls., With this form tbhe asinal fu=tion can be deevi bed by giving smE3fl

values of the envelope and phase of the sigal, and hen-e this form Is often
convenient to use In deserlbin rf snals.

Bu~pose the function, f(t), Ambe e)Waned in a Fourier sonies on the

Interval 0 o t x T boo o a finite n of d In Its expansotoln MA

aqppw tby er= Included In the tam rsnlns frm frequancy f, to frequency

* jf 2  2b bsz~tA th t could be defined as

V r V f + (D.9)
T

and the center frequenc7 Is

AL f+fl(D.20)
I 2

Then the ' o•;r•er series ca• be vr.tten

f~t) =a +k 2% (. k)] + b,.ain (W+ Rk)t] (D.U)

ftt "R AI.

where R means "the real part of':, , m a -

SlWe Gbal ass= W2 - Tfi *• an eVan intz• and, that Tf 1 Z1-

- - ,ig

- - _,'~-- - - _ 'C.-

* _--+-
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(at) + ()sn l =

-X(t) e ea e+t Ske

Y(tl -

x~t aM (t eL the co* ltlCM of the ?lrst to,= ofthe9 sazP11g theozm, ?oz' a sPIaI 'With ftvmxuesj nio Moger t,, v
ThYcmi be cemseaa tlezofor In the to=u

x4t) I ()*k )

7*) *k
kal

1iheý u tam U* fw b4t M ang 'd f n ithal
K 1~~~Mh theadtL ow mzctuam can be mtttmme

77 1
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and the function f(x) can be represented by giving the sample ,ealeR z (
and

Since f(t) can be expressed In the form

t(t) - x(t) con t + y(t) sin t (D.l1)

anl x(t) and 71(t) eae lluited to ftrquencies less than W hich Is less .thn

,the eneoe of t) isn
r t) xlt) + - t)(D.17)

T ang ote that tef inee vlues an y1 tcan be otained fy siL.

va•lues of ra 0,x 4•

I • the • f~~~ ~~~(t) -K. rreetee•••te• • o

I I

~~~ua~l th tmct) tt

~~* C~t co. Lt + Q±n~t)n

Not,,.e tat pthentl valuesented byd thraim be ogivineg f Ian

, II

4 I

value of r=d 0,

1 r w

S12
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AFPUDX 3intepalj 

� f�I � (3.1)

'1?�tO
3ra1

jSn+i fw) exp T- TI '�

0

1 
a:2'e�1r4�JPc.us1;�?;)js 
fl22Uez�fj�j � a Thea!b

Cra�k)k�k�2A , (3.2)�1aez�e 7 � 13 t.be

a po,��x Saflam

� �2a

uEo�i4 1 �ea �e SlEtegral (�1j cin� 1� irittin

1 
0C8�st1tuttig CL)) tow Z (Ii�i))S 

�2n2a e�q{.. u2j�(-ii2 f X�I �4LJ�j�j 
2

tZ5)
Nct.. 4 � XZI.

78

"k -�-

- �-



-7 - -

ENIrELN REEAC INTTT UNVRST OFMCIA

OD --
? 

2--~ ~ (-- -bif~
4  

72hn'jtU z ________________

eo(.b 2 ) i)exp -~.6 (3-7)22n in! 11-1 -n-k.Ik~.'V
(Subtituing rom E.2)

I n=0 b k0nk n erb~! -8

b2b

2E S

kOnak e'ý(n-k)Zkk

k=O nk 2k 2 "- k*k' (n-k)l

(letting m n-k)

1b. 200 :

a xp1~?r] CD b k W0~

k-0 22k k~k x-0

aexpI] Io (b2) e-pfV I t2b 2 lai
The steps In this derivation Vbi-h must be justified are iaterchaengin

the order of Int"ecration and simwticai at step (2.6) an3 rearrnnging the dou'be

mw,; at steps (F.9.)ard (E.12). it in easy to show that the Integral (9.4) extats.

The IntegrwAns in (B..6) are unii'ormly bounded by the integrand In~ (L'l.

______ ______ _____79 

2
e-7

-Wý
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the Integma~s In (Z.6 converge aidtomii1, and the order or In~tegration and

I 81t10n cmn b. Interchaiieed. sfor rearrangin~g double smp this Is possible

w1a a~~Ul the te.-A we positIve,4 and hence the convergence Is absolute.

80I
IJ

isUI
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APMM32 F

j LeUt us consider a simple came of approximatinzg the Ideal filter by somi

other filter, Suppose a~t) is a rectaqgular pulse of energy ! and width do

8 (t) 4113ifO0;jt gd

j u 0 otherwiseI ~Suppose the filter lip made up of a single resistor and a sing~le
condenser., with an vamplifier or attenuator, whichever Is needed to make the

j noise poder at the output N 1: as In the Ideal-cuees Then the impulse response

I is of the form
I lit) he ift

- 0 ftao(P.2)
j - 0 otherwisej where r Is the time constant of the filter and h0 In a constant depending on the

geln of the amiplifier or attenuator. The requiremnt that the noise power at

I the output be NOR is.. by (5.6),. equivalent to requiring that

*or -0

2 (p7i4)

I ~h 2  M-5d(i~)
0 0 Thew

Theresons 17t)of hisfilerto he uls at)sb(Zl)

(F.6
0 teIi

The response_ ___ V&)o hsfle otepus ~)t' (.1.

VI)sX t& X P7
-8I

IftiM 
W

X~ wnzm-v
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1 ~Substitutions f'rom (7-1) ani (7.6) for a~t) -nd h(t) give

8 A I ne Oc ,e,

1 ~0 L
These Integrals can be evaluated eesai3.y andl

v(t) increases vith time ift <d anddecreases %dth time If t >4 acsoIt

mist have Its edlum value at t 4. That mazx•m•vaue I n

Vmx - •]o .

I II

in Fig 1P.I :In i pl ote aceunto of :Et in• seen z, the sto s al

For his artiularcw, It he A filer ith ~ t wcost*e reOdud
be the seame as if• the :Ideal. 112ter ivied wAm the sagni amplitudze ver reduced

t 5 e pjr o 9
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oni Stati~stical Analoadese to the SIgns1 DetectabIt Problem:

1. mo~n, 3. Us, and Ublenbeck, 0. 1.$ Threshol~! Signls. Maoraw4IM, saw

this bo=k Is vertainly the outstanding reference on th-eaold signals. IL

te. 7 presentsI.. aC Detezuinig te Presen of %b citer~ion tyipe fr h spa

- 3. tetondaz p. Nez and Davies Ide.o a. crointeion Vheory and Xnves te probal.
bility of n Pro t n rod c. IJ.R. 1z TBaIL Vpcalcsof 99 oprt I

p. 37, March,# IM

~.Voodward,, P. X. Davies.. 1. L.,O *A 2We~ M- O Red*rXt,
Phil*iii MgpLAlF. 2=001 l9M

W. oolvrd P. X., -Infoxuation Theory and the Desigzn of Rhdar Befeivers,'
Proe. X.LR.,* Vol. 39# p. 1252.

Voolvard and Daves have Introdce the Idea of a receiver having a pas..
texior probabiLit so Its oiottput,, and tht7 point allt that such a receivez
gives a mxiuin aIen of imftozstil 7hey heve handled the case of Ma
arbitra~ry signal function bumw exactly or kmniW elcept for phasle with j
sore difculty twan other authors have had vith a sine wave si#Im1
2befr methods smev as a basi for the secon part of this reot

6. Balch, Z., ant BverlizmgO P.,* "The Detection of a Sine Wmv in OwnwIft
Raisep" JOW, AM.* Mtoy Va-. A14 P. -'Sq. March, M~j

Mpaper considers the prgb1 of findilng an optima cri~terion fi the
secon typeprese tedI this report)for the case of 9 sine vave -of lmited

duration, kwM~ aX11t'de ard frequency, but ur~knwn phase In lbhe prwesen
of Galtabian noise of arbiray autocorrelation. ?be method probably could
this report can be applied If the signals ame bend limited evft In the case
of 21u1-wiftw noise by putting the signals and noise through M tmugiuar
ftataw to -akeb the Moise imimfo=~ ;ibefor uOPjLying fe +Jvwiy fteew
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7, Niddleton, 3D,, "Statictical Crifteria for the Detection of Palsed Carriers
in folise, Jour, Apl, Physo, Vol. As, p. 371., April, 1953.

A tborough discussion Is given of the problem of detecting pulies (of Un-
known ohnse) in OAuwsien noise. Both types, of optimum criteria ean
discussed, but not In their ffull generality. The sequential type of test

j ±Is discuoned. alco. M4ddleto'na equation (6.1) dooo not hold for theL
sequential teat, and as a rewillt, his calculations for tie minima
cb'tectaoblt sij~ial with a 5Oq~M~ntial toot aer Incorrect. Tho diacusaicet
of the tests Is not cleaw. Vao comparison of the testas vhich are dosioled.

8.to optimizo difforent quantities., seema Inappropriate; cach toot accam-r

I1on-Linear F1ilters" Proc. I..~ Vl 0 p. 1232,9 October., 1952

This article considers the pro~blcm of detecting a nine vave of knm dura--
tion, amplItuda., and frequency, but unknom. phase in uriforx Gauseian
noise. The article contains ezve-ral orroro, and the results are niot
clearly Presented.

9.Nanese H "Mhe Opt~iuisation -ud Analysis of ISystems for the Detection of
pulsed Signals in Fwrowfo:s-es' Doctoral Dissertation (MIT), Januays'M 91

10. Sibwartz, X., "A StatistIcaul Approach to the Automatic Search Problems
Doctoral Diesertatiln (Harard), June, 1951.

These dissertations both consider the problem of finding the optima re-4
ceiver of the criterion type for radar type sigmals*

11. North., D. 0., "An Analysis of thUe Factors which Determine Signal-Voise Dis.
orlmination in Pulsed Carrier Sysrtems, '" RCA laboratory Aeport PTR.6C, 10~30

The Ideasa of false slant probdbility and pro'bability of detectio. wre
Introduced,, North argues that these probabilities will be post favorable
vhcn peak sigmal to average noise ratio In largest. The Id-cal fflt~r,
vhich maximizs this ratio, Is derived, (This commentary ise based on
second-hand knowledge of the reporb.)

12. Kplan, S. M4., and ?&Us R. Wj, T1Me Statistical Propertler" of foise Applied
to 2adar Rtange Nrlformamce,' Pocm. I.R-Ef, Vol., 39p p. 96* Januarys 3951.

The Ideas of false, alarm probsbiaity and probability of detection are In.
troduced and an exuxple of their application to a radar receiver Is Siven.
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mi~ttezlToz,.;, *A statisticaa rbeory of !rargt flotectuol 17 Pulsed Ra&aw.)Ja~~tcalAphZ~i1W 2 %w-apXtIru 11(at a-213, July 1,. 1.9%&8

Tbde re.orLcztac COUn Acaeula thaw&~ stady of the mthatIca1 pmoblem
iViich it coawiders.

on statistics:

1 13. IHeymm.. J.,, and Pearson, E. So., -on the ftoblem of the most Efficient Tesits
-ior Sbattist~cs3 Iryptbeses," M1.Ta.Eq. o~ Vol. 231,, Series A.

1~4. Crwi~r. II,j Hathematical Netbo ofSatistics* ktinceton Uiver i~ty Press#
Priwon, 1951.

I ~ ~on Related WC32 ~ us S~~~O~d~

1.5. Dwogxx B. No -- co faMeSpeb~do mwt os$
- j Pro. I*ZVoa. 38,# P. -771, Jw,9 19M0

16. Naiwimg-womp J. V., ord Ilogmpe To P,., "Sigmal-to-Nolse Iiqmrvem-ent f¶Lrlrou
Zntegraticn In a Storage Tube,," Proc. I.R.Rep Vol. 38, V. 1297., October,

173 Rarting, A.I ., man Yiesde, J. 3., "A Device for Co~uting Correlation Mm-,.
tions," Pev. Selo Intwt4 Vol* 23, 347,* -IM2

I8. IS, T. Wo, Meaý,q To P., &Z.# and IWieaner, J. 5. AX3LictImsof~
Cozrelatica Analysi1s to the detec~4on of Periodic ag=12 In Noisej," Proc.
L2LLM, VaL. A8 p. 2165, October, 1950
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Cor-Xla~tor#" PmCnf. Vol. 8,1 195
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A The ovent "Zhe oporator nýa- them lo olS7 lDn plus nise preo0at.."A • or a critorim, i.e., the not of receiver Inputo for vhich tGhe
opc•,ntor naya there Is a o•ino present.

I ~Alm ~ AiiY criterion A vhich mtixlmizoc PSH(A) .111P(A)# ±0..0 an opti-
mia criterion of the £irot typ.

an omt±iJm criterion of the second typeo

jC& The ovent "'Tho operator nova thern In nolseo ale."

A Paraeoter describing the ability of a receiver to detect s1.ule.
I ~~(See Section .5.1. and Fig. .)-

Z! Tho n-dizensional Euclidean apace.

f~(x) Thepro~bability densit7 f or poInte x in It If tbere Is noise aicaw.
f~awTheprobability do-t for ponsxInRishreJ ~ pbu

noise,

7 (0). FPH(C) The complementary distribution function for 1ikelihood ratio if
there in noise alone, Lo.. P (P3) In the probablity that the
IVkAlihood ratio vM be grester than P if tUv-e Is nolso alc3 .

FM V) he c~plor~e2tary diatributica function for likelihood ratio 1fthere is Gi~a2 pluts noise.

k A sr'WL used prinarily for the upper bound placed cc falso alam
probability 2V(A) In the definition of the aocond kimi of optimm" i criterim.

(z)crTeri~klloo. ruati for the receiver Input x. 4eC:)

n The dimnoslon of the apace of recelvr Inputs. n T

N The event "1 Thero Ic noise almoe" or the nolse power.

go The noise power per unit bandwIdt. I. N-

?-a (A) The probability that t'ie Ve~etor V111. qf therm is Sf4032. aW
U noise If there 10 noise abme, i.e., the Au*s sa~vm

- ~-



Psi(A) The prbability Ouxt the oiy'(tjrv? iU cay the--6 1 s igma Pius
noise If thcre Is all-Pa Plus nOiGOP Loeop the ý7rvbdb±14tjof

PXM Tb o alwariori pr&O~bflitY that t1ltnro is B'Sna. Plus A1I promcat. (Soo Soctiow1 13 GM4 2--
PS(S)The ,t.ObabIjity ManoaiO dejrllod on It for the not of expected

2 The Space Of all recei~ve izwPitS. (The 130t Of OU P0Oa~mJ Big-
I 2~~~15 is the ape)

a A alsigaal a (t).. lfilcb MY 6100 be conaidered an a point, a in

jK The event "?hore Is SISMI rum ?Og*

t Tim..I1 ~~ The duration of the, diseorwst=*{ j V The bendwidth of the receivw lWu"J.

I ~~A receiver iirit x(t), which my~ aloo be c~1sidozred as a point z
In It vith coordivatoe (Xit Z,,. e

A sy~ol usual3%7 used for tbo 19keliOOd ratio laval of an optima
criterloai.

The:manofth rand=u varable z Ifthere Us siama lus oin

PI) w an of the rendo. valJble zif thera is noise 40Ms.4

no ~t.ja= Ogtherandog v'rlablo zI tr 4nieaae

2N no variace of lukaliho4 ratio if there le noise a1loft.

lTote: 2he tam~ norz~. 41troib and %mota 'GABB dlsitrlbutiM*~ ba be=j ~ ~Used In~cm~b~ We thi zpait.
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