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ABITRACT

PART I

The seversl statistical approsches t~ the problem of
signal deteotability vhich have appeared ir. the literature ars
shown to be acssentially equivalent. A gensral thoory besed on like-
1ihood ratio ombraces the oriterion approach, for either restrictsd
false alarm probadbiliiy or minimm weighted error type optimum, and
the a postericri probability approach. Receiver reliability is
shom to be & function of the distribution functions of likelihood
ratio. The existensco and uniqueness of sclutions f£or ths various
approaches is proved under gsheral hypothesis.

PART 1I

The full power of the theory of signal detectability can
be applied to detection in Gauseian noiss, and seversl gensral re-
sults are given. 8ix special cases arc considered, and the
expressions for likelihood mtio are derived. The resulting opti-
mm receivers arve ewvaluated by ths distribution functions of the
likelihood ratio. In two of the special cases studied, the uncer-
tainty of the signal ensembls can be waried, throwing some light on
ths effect of wncertainty on probadbility of dstoction,

[
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Part IX. APPLICATIONS WITH
GAUZSIAN NOISE

SUED SEPARATELY'S
Part I. THE GENERAL THEORY

3. OTRODUCTION AND GAUBSTAN NOISE

3.1 Introduction
Tho chief conclusion obtained fram the general theory of signal detec~

tability prosented in Part I is that a receivor vhich caloulstes the likelihood

ratio for oach receiver input is tho optimum receiver. The receiver oan be
evaluated (e.g., false alarm probability and probability of detect’on can de
found) 1f the distribution functicns for likelihood ratio are known. It is the
purpose of Part IXI to consider a muber of different ensenbles of sisnals with
Ccussian noise. For ocach case, & posaidblo receiver design is discussed. The
primary exphasio, hovover, is oo obtaining tho diotridbution functions for like-
1ihood ratio, and hence cn vstimates of rocaivor performance for the various
cases,

The special cases \N.ch aro presentsd vere chosen from the simplest
problems in signal dotoction vhich cloooly reprosent practical situations. They
ars 1isted in Table I along with oxamplos of enginesring problens in vhich they |
£ application,
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TABLE I

Section

Description of
Signal Ensenbla

Application

k.2

k.3

LR )

5

%6

%8

k.9

Signol Knovn Exactly®

Signal Mnown Except for
Phased

Signal a Sample of white
Gaussian Noise

Vidao Design of a Broed
Band Receiver

A Redar Case (A train of
pulaea with inccherent
phase)?

Sigal (ne of M Orthogo-
nal Signals

Signal One of M Orthogo-
nal Sigals Enown Except
for Thase

Coherent radar with a target of
knovm range and character

Ordinary pulse radar with no inte-
oration and with a targoet of lmown
range and character.

| Detection of nolsc-like signals;

dotection of spesch sounds in
Gaussian noise,

Detecting a pulse of knovn start-
ing time (such as a pulse from a
radar beacon) with & crystai-video
or other type broad band receiver.

Ordinary pulse radar with. inte-
gration and with a target of imowm
rangs and character,

Coherent ralar where the target is
at one of a finite rumber of non=
overlapping positions.

Ordinary pulss radsr with no inte-
gration and with a target vhich
may eppear at ons of a finite
muaber of non-overlapping posi-
ticas.

racslvers.

Your treatment of these two fundamental cases is bassd upon Woodvard and Davies®
wvoark, but nere they are 'broa.ted in terms of likelihood ratio; :
to exiiacisa type receivers as well as to 8 posteriors ;zehb.nty type

-a3d hence apply

%Mmis 1s eosentially the case. treated by Middlston 1n Ref. 7.
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In tho lant two cacos tho uncortainty in the oignal can to variod, ard scme
14pht 10 throvn on tho rolationnhip botwoon \mom.ninty.and the ability to
dotoct otmulo.l The varioty of oxomploo proocentod sLould corve to sugeest
mothods for attacking othor simple signal dotection prebleoms and to give insight
into probleu. too cmmplicated to allov o direct salution.

It should be Yorno in mind that this report discusces tho dotocticn of
cignals in noisn; the problom of ohitaining informtion fram eipnals or about
oipmla, oxcopt as to vhother or not they are presont, 1o not discusced, Fur-
thormore, in treating tho special cases, tho noise vas assumed to be Wmoina.z

Ths roader will probably £ind tho discusoion cf likelihood ratio and
its d'stribution cagior to follow if ho koops in mind the commection between &
eritericn type roceiver and likolihood ratio. In an optimum critorion type
Aystea, tho oporator will say that a signal 1s presont vhenover the likelihood -
ratio 1s abovo a cortain level p. Ho will eay that only noise is present vhen
tho likelihood ratio 1s bolow 8. ¥For oach operating level B, there 1is a false
alarn probability and a probability of detoction. The false alarm probability
is the probability that the likelihood xatio £ (x) vill be greater than p if
po oignal is sent; this is by definition the cocplenontery distributiem fmetiom
!n(b). Likevigse, the ocamplesentery distribution ‘Fw(B) is the prodabLility that
£ (x) vwill be greator than p 1f there is oignal plus noise, and henoe gy (B) is
tho probability of dotection if o signal 1s sent.

Irhe only discussion in the literatwss on tiw effect of uncortainty an eignl de-
tectability vhich has como to owr attention is in Davies, Ref, 2, vhore the effect
upon sigral detectadility of not knowing carrier phase is shown quantitatively.

2Snthotoommﬂmmk with reference to the opectnm of the assumed
noise.

e a4 A 8
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3.2 Gauscian Noioe

Throuchout Part II, receivor input voltapes, vhich are fumotiors of
timo, aro asoumod to bo dofined for all times t in an cboervation interwal,
0& tS$ T. Thoy aro /lco assumed to bo limitod to & band of frequoncies of
width W, By the pampling theorem,t each recoiver input can be thought of as
o point in a 2VT dimonsional space, tho coordinntes of the point being the value
of the function ot the "cample gointo" t = 4 , for 1S 45 oW, The notatien
x(t), or oimply x,denotss o recoiver input, and x, denotes ths 1th samplo value,
or coordinate. The oipnal as it would appear at the receiver input in the
absenco of noise is denoted by s(t), or simply s, and the cocrdinates, cr sample
values, of o are denotod by 84. The roceiver imput, which may be due to noise
alone or to signal plus néino, is random because of the presence of noise.
Thoreforeo, cnly the probability distribution for the recoiver imputs x(t) can
bo opecified. The distribution must be given for the receiver inputs doth
vhen thero is noisve alone and vhen thore is signal plus noise. The probability
distributions aro descrided in this roport by giving the probadbflicy doneity.
function fy(x) and fN(z) for the receivor imputs x in the 2WT dimensional space.

The noise considered in Part II is always Caussinn noise limitod to
the bandwidth W, and hoving s wniform spoctzm over the band.? This 15 ordi-
narily called vhite Causaian noise. The probadbility density functiom for vhite
Gouooien noioo, and honco for the rocoiver inputs vhen thore 1s notso alono, is:

fn(z) - E -—!’—- oxp [-g?; ’ or (’.1)
i=) Jm

1;» Appondix D,
21 tho notse spoctrum 4o band linited, but not wniform, tho noise ond nignale
can be put through a filter which makos tho noise uniform, and then tho

can be applied, Beo H. Y. Bode and C. E, Shamion, "A Bimplified Derivation of
Linoar Leust Square Smoothking and Prediction Thoory," Proc. I.R.E., Vol. 38,
p. 417, April 1950. Y
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n
5 b §
2
fﬂ{‘) - (._2.‘1:...) exp [-3‘- zxia] {3.2a)

vhore n ie the dimencionm of the space, l.0., ar:,a ap ¥ is the noise poweu'.5

It can bo shom whint this cnserble of noise functions has a Caunsinn distribu-
tion at every time and that 1t3 spoctrum is unifora.

By the sarmpling tlworeu,’*

oo
ESEENE- f [x(t)jaat . (3.3)
°
Thercfore a
1\ T2
qi = () o [-§ [ «’a], (3.20)
> o |

mmno.—-% is the nolze pover per unit bendvidth,?

If the signals and their probobilities are Imowm, then the signal plus
noise probobility density function, Igg(x), can be found by the convolution
intepral. an described in Section 2.6

MnMumm,mmummmmi-lu 12 n = B,

2
1:2-2;5 exp {-g ]u callad fy(x,), then £y(x) = f,(q), L.e., tho X, ave

independent and each hno tu("i) far its probebility demity function. For a
diacussion of "indepondent,” see Cramdr, Ref. 1k, p. 159.

BThuumntbckwitkmeummtcm&
‘Seown.

% This fomotthemaimf fa(x),mmempdmsfaudthe

squations for fo.(x)-and £ (x) were first de.dved Iy Nembwavd, Sco Woodward
and Duvics, Refs. 2 and 3.
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- a
1\ 1 08 2
“au(x) = [ Ty(x-8)a%(s) '(Eﬁ) exp [— w5 L (x-84) ] dz; (8)
R R 1=1

g n n n (3.,‘&)
AN T VS I . 1 P

i=)

T

fogl(x) = / £, (x-8) dps“’"(é%‘i)e / exp[ -g- f[x(t)-s(t)] dt] ar,(s)
R %o
(3.4b)

- (%)’5@[_ %j’ =2 “]/up ["il; f’ ,a.n] m[%ofn dt] arg(s)

T

1 2
The factor -:—; of x(t)dt] am[-%z'xia] can be brr ht out of

the integral since it does not depend on 8, the warisble of integration. Note
that the lategral

T
Df sfat = % )X uia = X(s) 1 (3.5)
is the encrgy of the expected signal, vhils
r! l
J Meme = o Txe (3.6)
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3.3 Likolihood Ratlo with Coussian Noise

Likelitood ratio is defined as the matio of the probability demsity

functions i‘sn(x) and rn(x)e With vhite Cauosian noise it is obtained by dividing
Eq (3.%) by B (3.2).

1 n
R

(3:7a)

1 i 4
£x) = /exp [- §-!(§l exp -,%- [ =) s(e) dt] () - (3.T0)
n Q E 3 o o
If the sipnal 1s knowm exactly or completely specified, the prodability
L that signal, ox point 8, is wnity, and the probability for any set of points

not containing s is zero. Then the likelihood ratio baccmes

. n
Lx) = exp ....1%:).J «p [ %El xiiil, or (3.6a)

N B )2
exp h N, J“P _no of x(t) s(t) dt] « {3.8)

Thus the general formulas (3.7a) and (3.7b) for likelihood ratio state that L(x)
in the woighted average of L (x) over the set of all signals, 4.e.,

L) - n/fl,(x) S XO N (3.9)

If the distribution functien 1’8(3) depends on various paramstors such

ns carrier phase, gignal energy, or carrisr frequency, and if the distributions
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in these parareters are Wt,lthe expression for likelihood ratio cam de
simplified somewbat. If these parazeters are indicated by rl, Tag ~evs Tpo ar
the associated probability density functioms are denoted by £ (ny), L({rp)s <=3
Z (rn), then .
a Ps(s) = fl(r)_) vee rn(rn) ary oo 28,

The likelihood ratioc becomes

£ix) = [ oo [ £,@) 5] oo Gm) Oy o B

- ] [ae - [Jam) 4] -Jm - oo

Thus the 1ikslihood ratio can bs found by averaging .l'{x) %ith respact to the
paranoteurs. '

Yerendr, Ret. 1%, p. 159,




%. LIKELIHOOD RATIO AND ITS DISTRIBUTION FOR SPECIAL CASES

k.1 Introduction
The purposs of thie section ie to derive expressions ox approximate

expressions for likelthood ratio and its distribution functions for a nunber
of spocial signals in the presence of Gaussian noiese, The results obtained in
this section axra sumssrizad and discussed in Sectiom 5.

%.2 The Cass of a Signal Xnown Exactly
The 1ikelihood ratio for the case when the alignal is lnown exactly
has already been presented in Suction 3.3, Eq (3.8).

o .

2(x) = exp _--ﬁx:‘ m[% i§1 xil,_] ’ (4.1a)
- - r

L@ - [-E ,xp[ 2 e at] (h.13)
X d % o

s the first step In inding the Aistribution functions far £(x), 1t
is convenient to £ind the distridution for %2 x38, when there is noise alone.
Then the fnput x = (X5 X, «0e) xi) is due to vhite Gausaian noise. It can dbe
soen from Bq (3.1) thet each x, has & normal distributlon with zero meen and
m:amalamoanatbattheximmdspmw. Becauss ths s, are constants

depending on the signal to be detected, s = ('1’ 85 sevp un,uchm

1 %(xltl)hltmldntrmutimﬂthm;’- tizes the mean of x,, and vari-
2 2 42

ms%'—mwbma dxi-zmmi-zs-‘-!.-i- respectively.

Fmﬂnamh&w@mﬁ the w%iixim independent, each with
normal distributions, and thercfore their sum has & normel distributiom with
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zean the sunm of the méans — 1.0., z8r0 ~ and variance the sum of the
variw,l
2

T . BEE) . E . ooy Simel Trerzy . 2)
u X M, Noiss Fower Per nit Bandwidth *

The amn-mumm-%— T x84 with nofse alone is thus normel vith zero mean

£ = o[-} nm] (h.22)

1t 15 soen that tho alstributien for 3 T X8, cmn ba used directly by intro-
dnctng o defined by
B = exp [-%«fﬂ] 3 @B = -f;i- Zap t.3)

Ths inequality Z(x)2 B is sguiwlent u%&,-iza, and thevefore

¥, (8) =ﬁ’;; /°q[-%;%)2] ¥ ax)
-

The distribution for the case of signal plus nofese can Bo Lowd by
mm&mm&m’ ‘

T ls) = pEEB) - , *.3)

ZSoe Part I, 1o, .Oh amd 27,
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L IY T T T e T

Differentiating Eq (k.%),

N, n of 1
aye) = -/ 55 o (-—,‘:-5-)& ’ (4.6)

1 | :' end cambining (4.3), (%.5), and §.6),

A i
FHY

Liha T B

e et An mwa b A pha—tATn

: ) I liuz
*\ E W (B) = - &E exp [- %;- + -%}& %7}

| ®
1 « . Fay(8) 'vfg / exp [';%("%f]” .8
: . 1+ 4

In sumary, o, and therofore Ln B, has o normal distribution with sigoal ¥
plus nolse a8 well as with noise alcne; the varisnce of both distributicns }

m%—"; uﬂmdﬂrormeotthaneamh%.
(+]

- The receiver cpexating characteristic curves in Fig. 4.1 are plotted
{ _ i for any case in vhich /n Z has a normal distribution with the same variance

- both with noise alone and with signal plus nolse. The paremeter d in this N
d i . figure is equal to the sguare of the difforcuce of the means, divided by tm 7

v et W ot b AL

g

‘i; variance. Thele receiver opsrating characteristic curves apply to tho case of

3 tmsi@nmm,ﬁma-%.

Eq (4.1>) descrfbes what the ideal yeceiver should do forr this cave.

A

Tho essential operation in the receiver is cbtaining the cmelation,of s{t)x(t)atd

v.‘w)‘:“:\%

Irne change in eign appears bocause the dlstribution functions Fgy(B). and Fy(8)

are probabilitics that .£(x) will lie between § and @, not - @ and B as 1s
usually tho caso. If the dousity functicn for Fgy(8) is called g(p), then

O
= ~g(B), end Fsu(ﬁ) = 3f c(B) 8.

a¥ (B)
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Tho other operatioms, multiplylrg by a constant, adding & constant, and taking
the exponential function, can be taken care of simply in the callbratiun of the
rocoiver artput. mcmicmurobtmmgmu carrelation have heon
doveloped racextdy.l
Irthatmd_theumlsssm,&nnﬁasmlemytom

this crosa correlation.? Suppose h(t) 1s the Ispules respouse of a Lilter,
Tho reaponse 8 (t) of tho filter to a voltage x{t) u’

&

e (t) = d{ x(t) h{t~7) AT *.9
1f a I{1ter can be synthesized so tiat
h{t) = sfr-t) 05t8?
Bft) = 0 othervise, (+.10)
then
T
o, (r) = of x(t) s{r)dr , (s.11)

6o that the response of this filter at time T is the oroes correlation required,
Thus, the ideal receiver cansists simply of a filter and amplifiers.

It shoald be notsd that this filter 1s the same, except far a constant
mw,umtmungmmruﬂamwmmm

simltoawmmmm"

lrarrington end Rogevs, Ref. 16; Harting and sieade, Ref, 17; Lee, Choatham, and
Winmer, Nef. 18; Lavin and Reintzos, Raf. 19.

Zrmis appoars to be due to Woodward. See Woodward, Ref. 5, and Woodvard and
Tavics, Bef. 3.

3s. Golaman, amsrwmtim Calculus ond Electrical Transiemts, Prentice Hall,
Fow Yerk, 29, p. 112.
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Tawson and Uhlenbeck, Ref. 1, p. 206; Horth, Ref. 11.
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4.3 Signnd Xnown Exccpt for Carrior Phase !
The eignal ensermble considored in thisc scction coneists of all
sipals which diffor from & given amplitude and frequency modulatod signnl only
in their carrier phase, ond all caxrrier phases are sssumed equally likely.
F o(t) = 2(t) cos (wtef(t)-0) o (5.22)
] Since the unknown phase angle 6 has a uniform distribution,
i
F a0) = . (5.13)
- The likelihood ratio can be found by applying Eq (3.7), and siace the sigmnl :’
3 energy Efs) 1: the same for all values cf carrier phase O,
L(z) = m[-%—]/mprlzu}um (b.1%)
o )3 | K&y T

Expanding s into the cosfficients of cos © and sin © will be helpful:®

B(t) = f£(t) coa(wt+¢(-h))cos o + 2(t) oin(wt-bﬁ(t))aino o (B.15)
and

182y = cos 0} $x 2(ty) con (wtg + dlry)) |

.

s ot 0 3T xg 2(t,) stn(wey + d(ty) (4.26)

o

Becuuse we wigh to integrate with respect 4o 9@ to £ind the 1ikclihood

ratio, 1t is essiest to Introduce parometers similar to polar cocrdinates
(r, °o) guch that

Lror this to be rigorously true, it in sufficient thet the s1mnd be tima limited

and have its live ogqctrun 2or9 at zero frequency ond at &ll froguanciss equal
to or groatny thun 3'2*‘-‘-"- »

2 t4 écnotes the IR semple point, i.e,,

b
b 4 |
!
- - = s T :
T - Ll i §
» oy - .
] : ’f:l ==
- t— - o rraereEam e T E S oo




sl v

%‘-r cos @, = %in £{u,) cos ( wt, + ¢(t1))

Lramo, = 1z r(vy) stn (wtg +9(ty) (.17)
and therefore |
% 2 x84 = I3;.::0-3 (9 - 8,) . (%.18)

Using this form the likelihood ratio becomes

. 2x
L(x) = exp -3-?;-} f cw[% cos (9-90)]%
- )
- exp -;?-]Io(%) (5.19)
L (-]

vhare I, is the Besssl function of zero order and pre imaginary argment.

Iy 1o a strictly monotone increasing function, and therefore the
1ikelihood yatio will be materthmammairnam;u-;lah greater than
eome valuo corvesponding to B The quantity r is defined by the Eq (h.17); 3
is the square oot of the sums of the squarss of the rizht-hand sijes. The

probebility that fwill exceed any certain valus can be computed by cbserving

n
that each of the right-hand sides is 7* times the cross carrelation of x(t)

with & fixed signal, either £(t) cos [ wt + ¢(t)] or £(t) ain [mt + ¢(t)] .
Therefore, the dlstribution of each can be found in the same mammer =s the dis-

tribution of%z X485 vas found for the case of the sipnal known exactly,! and

both & cos @, end F 8in 9, have normal distributions with zero mean and variance
%"; . Purthermare, £(t) cos (wt + §(t)) amd 2(t) etn( wt + #(t) ) ave out
of puase, or drthogonal, and therefure r cos 9§, and r sin 9o bave independent
aistributions

ISea jage 9. 2300 footnote 1, p. 17.
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r r 2 X 2
Becauaoﬁn\/(-ﬁ cos )2+ (Fome )2 , the provevality trat
% will excced any fixed value is given by the well-known chi-square distribu-

1
tion for two degrees of freedon, Ka(az). The pruper norralization yielding

zero mean and unit variance requires tbatthemriahlem%,/ﬁ%:? that 1s

PI!(% /%Za) = Q(ae) = exp[-‘-f—]. (%.20)

If o in defized by thn egquation

8 = exp [- 1?-—;] Io(“/%o a) ? (5.21)

the distribution for Z(x) in the presence of noise aland is in the simple form

Fy(B) = exp [- % ] . (k.22)
Using Theoren 8 of Section 2, nanely
p ary(p) = 5?33(5) (s.23)

2
gyle) = - e [-;,’-j;]am ['%‘]I"(J?i’“)” (k.25)

Integrate from & to infinity,
o 2 M
an(ﬁ) * exp [-B‘E-] f o oxyp ‘%‘ 10 ' a . (5.26)
e ]
1

C?Bﬂgr, Rcf- 1“", P. 233) or E'OEI, 2. Ga, R %0
Wiley, 1947, p. 13k,

and hence

19
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Eqo (%.22) and (4.26) yleld the receiver oporating characteristic in peremetric
form, and Eq (%.21) gives ihe agsocinted operating levelsl These are graphed
in Fig. 4.5 for the same valucs of Bignel emergy to noise per wnit bandwidth
ratio es wore used when the phauge angle was known exactly, Fig. 4.1, co that the
effect of lmowing the pluse can be easily seen.

If the signal ip sufficlently gimmle so that a filter could be syn-
thesized to natch Zhe expectad signal for a given carrier phase 6 as in the case
of a signal nown exactly, then there is & simple way to deoign @ recoiver to
obtain likelihood ratio. Far ¢implicity let us consider only amplitude modulated
atgnals (§(t) * 0) in Eq. (4.12)). Lot us also choose @ = 0. (any phase could
have been chosen.) Thon the filter has impulse response

n(t) = £(0-t) cos Jwprt)] ostsr
= 0 othervise. (%.27)
The output of the filter in response to x(t) is then

t
8,(t) = -Jt x{T) h(t-r) 4T = t-j!: x(T ) £{t +1-t) cos w {T+1-t) Ar

t
= cos wW{T-t) z(t) £({T+r-t) cos wr AT

t-T

t
- sin w {T-t) f x(t) g(r#A-~t)sinwr d T . (%.28)
or )

lerap}m of values of the intogral (4.26) along with approxirete expressions for
omall and for large values of a appear in Rice, Ref. 20. Tables of this
function have been compiled by J. I. Harcun in an wnpublished roport of tho
Rand Corporation, “Table of Q-Functions," Project Rand Repart RM-399.
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The envelope of the filter output will be the square root of the eum
of the oquares of the integrals,* and the cnvelope at time T will bo propor-
timal to § , since

(%)2 - [6[! x(7) 2(T) <08 wtdr]g +[°fr x(r) £(r ) sin wrd{!a. (%.29)

= Sguare of the cavelops; at time T, of ao(t).
If the input x (t) passes through the filter with an impulse response given by
N
Eg (4.27), thon through a linear éstector, the output will be -§ %at tims T.

Boceuse the likclihood ratio, Eq (4.19), 18 a knowr monotone function ot% ’
the output cen be calibrated to read the likelihood ratio of the input.

% Sigmal Connisting of a Sample of White Gaussian Woise

Swpposs the values of the signnl voltage at the sample points are
Lndapa:}demt Gaussian rendom variables with zoro mean and varience S, the signal
pover., The probebility demsity dus to signal plus nolse is also Caussian, since

8ignal plus ncise is the sum of two Gaussian random varia‘bleua

1 % 1 1 2 |
fsgfx) ~\zpmsy] "7 7% Y x| (%.30)

Ths likelihood ratio is
n

I
£(x) = (i?é') “’[%% DEREE S B> ‘xa] (4.31)

lutbnxaamm-dx(t)hmoataromqmcymnmmiu
equel to or greater than 5, then 1t can be shown that theve integrale

mmmqmshiﬁu%.
H’m. l‘,?o 212,
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In solving for the distribution functions for £, it is convenient
to introduce the paramcter a, defined by the equation

n
. 2
o () el E) o2

g Then the condition £(x) 2 B 1s equivalent to the condition that %— b x5 2 ae.

In the presence of nolige alome the randanm variables (}-;.) have zero mean and unit
varionce, and thoy are independent. Therefore, the probability that the sum of
the squares of these variables i1l excesd ¢ 13 ‘s chi-square distribution
vith n degroes of treedan," 1.e.,

1 Fy6) = K(P) . (4.33)

' x
Similarly, in ths prosence of signal plus noise the random variables ( 2 )

\VE8

~ have zerc mean a2 unit varisnce. The condition -;-Z:ie?.az in the same

et

as requiring that i%g 3 :122 i{;’-aa, and again making uss of the chi-square
J distridution,
Texl®) = xn(,-,% «2) - (h.3%)
Receiver operating characteristic curves are presentod in Figs. 4.6 and
4.7 far four posaible choices of n (102, 103, 101‘, 105), wd in each case for
thmenbuntuwltommrgtiotbreedbawt.

i

i,
il

For largs values of n, the chi-square distribution is approximately

nozmal ovar the ceator portion; more preciae!q,e Lor aa >> 0

1crunir, Ref. 1%, p. 233. Tablos of ¥y (c) can be foumd in most Docks cu stem
tistics. Extensive tables are listed in the bibliography of Ref. 1%, ». 570.

2?. 0. Hoel, Introducticn to Mathematical Statistics, Iew fork: Wiley, 1947,
De
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K, (o?) 7%— exp [- %x"’]u (+.35)
J2a2- J/2na
and
1]
st [ w3l
JE - /mT

If the sipgnal enexgy is small capared to that of the noise, /I'l%; is nearly
unity and hoth distributions have noarly the same veriance. Them Fig. 4.1
applies to this case too, with ths valus of 4 given by

2
a = (2n-1) (1 - .\/ %) . (4.37)

For these amall gignal to ncise ratios and larpe saiples, there 1s
eimple relation beiveen aignal to noise ratio, the mwber of samples, and the
detection index d.

¥ .18 {
1«,/&:‘”55 fary €<l ,

a ™ f;- (4.38)

Two signal to nolse ratios, (%)1 and %)2 , will have approxirately the same

operating characteristic if the corresponding numbers of sample points, n

end n,, satiefy g\ 2
m (5
o] (SE
v
26

e 4 ) el i oo
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This can be verified for the three curves of Pig. k.7 for n = 105, compared
ﬂﬂl Fig. h-l Lo d = 1’ ‘, ]5-
The receiver specified in cny device that produces the likelihood

ratio of its Input, n

2
1
£1x) =(5%) exp[ﬁ%*g fo] . (.31)
An cnergy dotector has as ite cutput

0o(t) = f[x(t)}a at = % 2‘12 (4.40)
)

end this receiver can be calidrated so that its output at the end of the cbhser-
votlion timo, e,(t), will be read as

n
E .
26) = (i{g) o l'fs*?" °;f’ ] (h0)

4.8 Vidoo Desirm of a Broad Band Rocoiver

The peroblem considered in this section is represented schematically
in Fig. 4.8. The sipgnals and noise are assumed to bhave passed through a band

INPUT FROM
ANTENNA BAND PASS LINEAR VIDEO

OR MIXER FILTER / DEVECTOR / AMPLIFIER
POINT A POINT 8

FlG. 4.6
BLOCK DIAGRAM OF A BROAD BAND RECEIVER.

pass filter, axd at the output of the filter, point A on the diagram, they are
ascuamd to be limited in spectrum to & hend ef width ¥ and center frequency

ENGINEERING RESEARCH INSTITUTE -+ UNIVERSITY OF MICHIGAN —
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.2@‘; >§ « The noisc is assumed to bo Goussian noios vwith & unifcun spectrum
over the band. The signnals and noiss taen poos through a lincar detector. The
cutput of ths dstoctor is ths eavelope of the signuls and nolge as they appearcd
at point A; all knowledgo of the phose of the receivor input {2 loot at point B,
The signals and noise as thoy eppear at point B are considored yeceiver inputs,
and tho thewy of signal detectability is applied tc thess video inpute to
ascertain the best video design and tho perfcrmance of such a system. The
mthamatical descripiion of the signals and noise will bo given for the signole
and noise as they appear at point A. Ths onvelepe functions, which arpear &t

point B, will be derived, and the likelihood ratio and its distribution will be

found for thess envelops funcilons,

Tkes only case which will be considered hers is the case in which the
azplituds of the aimn‘u it would appear at point A ie 8 koown function of
+ins.

Any function at point A will be band limited to a band of wiath W
end canter froguancy £2> £ . Then the altemate fom of the eampling theorem
can be used.l Any such finction £{t) can be expanded as follows:

£(t) = x{t) cos wt + y(t) stn wt (b.42)
vhere x(t) and y(t) ave band lintted to frequencies no higher than ¥ , and

hence can themselves be expandsd by the sampling theorem:

. 2(t) = §[x(%‘-) ¥y(t) cos we + y(L)gy(t) atn wt]. (b.43)

Ths function can be thought of as & point in a space of n = VT dimensions with

courdinates x(%-)s x, and y(%)- ¥y - 7This 1s a rectangular coordinate

.‘-

Sl

o il s o

gt o
ol e, gk




T e T I st e G Y e

/

wcatao T
Lot

bl Sl oo

P
T

*,’r:,:m—"'“""

‘.m“\‘( o

"3
e
A
E

systen, sinco the family of Pmctions Y, (t} cos wt and 4’1(;) sin wt forn
an crihogmal systom.

“he amplitude of the functiom £(t} 18

o(t) = / [x(t)]a + [y{t)}a (4. 3%)
and thus the amplitude at the 11 gonpling point ie

"f'é’) AR NEAEE A (4.43)
The angls
Y
o, = arctan;f = arccos ;—i- (5.46)

pight be conpidared the pliase of £(t) at the 1! sampling point. The fimotien
2(t) then might be described by giving the x, aod ¢, rather than the x; and y,,
The ri and ©; are sample values of amplitude and phass, and formascrt of
polar coordinate system in the space asscclated with the sot of funotions.

ktudzmtebyxi,yi,mri,oi,tbscwdimtuwmlevalmn
Lfor a recoiver input after the filter (L.e., at point A in Pig. k.8). 1let
ay, by, or £y, §, dencte the coardinates for the signal as it would appear at
point # if thare were ro noise. Ths envelope of the signal, hance the coor-
dinates £,, are essuwed known. Lst us dencts by Fg(f, foy ooy "z’ the

2

dfstrfbution function of the phase coordinates ¢1. The robability density
function for the coowdinatas x_, yiwhantlm-e is vhite Gaussian noise and ne

1
sigpnl 1s
2 e . a2
on - (&) e [-& YT e
i=] 25 §
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and for aignal plus noise

H
3
H
.
H
2
H
H
i
H
2

n
3 nf2 a/2 ]

fsu(x, )‘) © (%) /E\.'(P {" 'é%(gl {xi-ai)ﬁ + igl (yi- i)z)j ‘.Ps(ﬂibj) -
;) (4.148)

Lo b
il ' s e e

Changing to the polar cooxdinatue,

% nfo nf2
Ty(zs 8) = (5};‘;‘)? I ry oxp [' -5%121 1'12] ’ (4.23)

" L " el L gl
T

L . 1=l

?{2 rf axp [ - -éln— née { rf+§2-2riri cos f%‘”z}]
i=l v

T L R Y

‘ms (¢1: b 4 %) s ("-50)

The factors II ry are introduced because thoy are the Jacobian of the E
1=

J tranofarmation from rectengular to polar coordinates.’? 2

The probability density function for r alome, 1.8., the density func-

S ol e B S

i e 5

N tian for the output of the dotector, is obtained by simply integrating the den-

sity fmctians for r and @ with respect to 9.3

2x 2x 2x
1 = ssee 2.[r vese
| wr) = [ [ e [ #y(r5 0)) 09, a5 %
N 0 0 o
. n
2 ok 1 n/e 2
(3 H!‘ur[-—-}l r] (%.52)
3) Y 1 N 41 8
Yoramer, Ref. 1%, page 292,
2For oxample, in two dimenzions, fu(x, Y)éx dy = N(r, 8) r ar-ae. )
3(:rzu:»a’r, Ref., 14, page 291, ] J
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ond

2x 2x 2%

b ¢ (r) - s e t“(ri’ 93., m‘ %'..‘dee

= Of GI Qf 2
n
2 nk ﬂk nk r,_t’i X .

s(%f) b Ty exp |~ % pX (rf&f) i I,,( ] * (ﬁ;‘#zcu 9.)

b} 1=l i1 EES § 2

2 ap : afe
G B om :,(—?—?-) = [ & L @rf)] (h.52)

Notice that the probability deasity for r 1o completely Independant
of the distribution vhich the §, had; ali informtion about the pnsc of the
3ignals hes been Jost.

The Llikelihood xatio for & vidoo imput is

T () 1 V / >
!Fl‘; X Y - 4 m Io x

Agalp 1t in nore convsniant to work with the loparitim of the 1ixelidood ratio.

,‘%.:g 2;2 - % [t(t)]’ at - % » W (h.5%}

hle - -§+§A%(%&) . e

vhich 1s approximntely

. 7
Ln .l(r(t)) = - %-Pi f In I‘,(‘!':‘-g’—“?'ﬁ;"—}n + (4.56)
0

R I N L L e

s

vl R A i

-_e
R
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L] ) .
The functim £n I (x) is plotted as & fmetiom of x in Fig. %.9.

ménmtimiawrynmlymmgaboh%fwswlmorxm&u

approximtely lincay for large values of =. IThus, the exproosim for likelihood

ratic wight be epprerimuted by

ln!(r(t)) - - --+ . N?' f Ir(t)] [f(t)]

for small signals, snd by

(:.57)

nLleit)) = ¢, + 0, j r(t) 2£(t) at (4.58)

for largs signals, viere cl and C, are chosen to aprroxizate Za I, best in the
desired reags.

The intograls in Eqs {(£.57) ana (4.58) can be interprsted as cross
corrslation., Thus ths optinum receiver for weak sipnales is a square lawv detec
tor, followed by & correlator which £inds the cress correlation between the
detector output and (£(t))°, the square of the envolope of the expectsd simal.

For the case of larges signal to nolse ratio, the optimum receiver is a linear

detactor, followed by a carrelator vhich has for .- output the cross carrela-

tion of the detector output and £(t), ths amplituds of the expected signal.
The distribution function for J(r) camnot be found essily in this
cage. The approximation developed hore will apply to the receiver designed
for lov signal to noise ratio, since this is the cass of most interest in
threghold studies. An analopous approximation for the largs signal to noise

ratios vonid be oven easior to derive.

First we shall 2ind the mean and standard deviatiun Lo the distridue
tion of the logaritim c¢f the likelihood ratio:

3 ot

a0 D DT 150
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nfe
Indnys- L Tefe L PR (+.59)

for the case of smnll signal to noise ratio,
for each ry ave

2 r,r
T 1‘12*’1 1*4
Bn(ry) = 3 up[-—-——-—au L5, m

2
b o
gylry) = % exp [- L J . (4.60)

The notation sH(ri) and 888( ) 1is used to distinguish these from the Joint

ddstributions of a1l the ¥y vhich were Previously called f.

2:2
mea.noreachtam-i-—"— mthemqu(h.ss)n

ra:r ra
FéN /..._. 83,(1'1) ary
k o
&P )

O
2 2.2 t 2 2
My (Tg-)' % + Glry) axy = rér 5212 exp [" Z—i-}“

ri2f_2
Theseccndwmtoteachtm-—-—- is

ltgh +h
'-?1‘.23'—/—- (3'3)&'1

The Probebility density functicns

g

(s.€)

UNIVERSITY OF MICHIGAN —

o &

L f (rg%ry 2) (’1’1
) ;;z = l a

i, e o v




Lo

' 4:31%' .

el

@
rybty f:" r
LAt v 7 )

o

b 5 [ ,.2}*
Ty Ty [}
B e b up - S— ar (l&.@)
160 J v 22 1

The integrals foxr the case of noise aloue can be ovaluated easily:

2
(iff) 52
wt/ =

2 rptr ) g
¥ 26 o

S

Tla intepgrals for the cs=ge of signal plus noise can bs evaluated in terms of
ths confluent hypexrgeomstric functiom, which turns out for the cases above to
reduce to a simple polynomisl. The required form:las are sollected in convenis

ent form in the book, Threshold Sicnals by Lawscn and Uhlenbeck.l The vesults
e
|1 ﬁi{!’i = .].'. iﬁ 1+f12
SN ,,,2 2 ¥ &
R ( kih)a 1 f}:(la-riz*.:’-h)
sx % 2 2 ¥ of {4.6%)
26
Since
2 2 )
@) = ptdy-[p@]® (4.65)
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3 2

- r.-'?r z, r

" ( - ) ¥ N G‘* ; )
S\ g f

o [=223\ &
A\ w2/ W 7.63)

For the sum of independont rendom variables, the nmean is the sum of
the means of the terms and ths variance is the sun of the variances,

msan of fn L(x) is

nfe nf2 22 1‘" nk;r"’
ion (L0 22) === T 22 174 1 4, 1
iy (£n ) 2::151*5123 V7 Elg
CECEED N S DI v.61)
12 1Q

=0
& the varience of fn I (r) 1s

nfe M 26
a-sx(.lnl(r)) = (% %*%;’1—)

,.k 5
*y (£ 4ir)) = 51 j,, 0.69)

Ir the dlstribution functions £n L(x) can be asmmod to bs normal,
s dlstridbution functions can be cbtained iymediately fram the meon and standard
devistion of the distribution. In somo caces ithe noreal distribution is a good

rrozimtion to tho actual distribution.
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Lot us consider the cose in which the incoming signal is a rectangular
iee which is % asceonds lmg.]' The energy of the pulse is half ite duration
timen the tmplitude of its envelope, and therefore the amplitude has the value

!'1 = '2’1‘:“— ? (%.69)

whore 2 1s the pulse onergy. It has this value on M sample points end is5 zero
at a1l others. For this case

Pey (2 L)) = % %
By (.ln .f(r)) - OE2
B
O'S;(ln L)) = ;;:5 (x+ % ¥ )
g 32 (.ln l(r)) - -f-é- {(%.70)
",

Alss, for thia case, the distribution or £n .f(x) is approximtely
zormal, if M is much larper ther one. Since it is the sum of M independent
random verisbles, all having ths same distriburion, it must, by tha central
1imit theorem,? apmroach the normal distribution as M becomes largs. The actual
distribution for the case of noise alune can be calculated in this case, since
the canvolution inte»g:t‘o.?l.3 for the g,(ri) vith itgelf any number of timos can be

zmproblmotfmmaistﬁmtmmrthemorHMepenanntmndmm-
abiles, oach with & Trobability denaity functian £(x) = x exp [- 5 (PP 1, ()

arises in the uppublished repart by J. 1. Harcum, A Statistical Theory of Tarpob
Petection by Pulsed Radar: Msthematical Appendix, Project Rand Report R-ill.
Marcun gives an exact expression for this ailstributicn which is useful only far
small values of M, and an approxisation in Groam-Charlier series which is more
accurate than the norzel approxication given hers. Marcum's expressions could he

cm, Ref. 1"” P 213 and 3160 301'&1&5’1', Ref. 1’4, . 188"90
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oxpressod in closed form. The density funciion for ihis distritution is :
plotted in Fig. %.10 for several relativoly small values of X. The digtxDhution
of £n A!x) Zor signal plus noise is more noarly normal than the distributiwn

for noise slune, since the distributions pgy(r,) are more nearly normel than TR

iz
85(1’1). e . &
The receiver sperating characteristic for the case X = 16 1s plotted ‘

in Fig. 2.1 using the normal distribution as avproximation to the trus distri- ] :Z

buticn. In many cases it will bo found that 1 E

1.2 F
, i-§;<<1 . (».72) _ 2N

) Inmghamethodnm'mm”ammtﬂ: the sems wvariance. Assuming
normel distribution then leads to the curwss of Fig. k.1, vith

2
4 = % %’ - (ko'm)

4,6 A Radar Cass ;

This soction deals with doteciing a yudar targst st & glven range.
- That is, we shall asmume that the signal, 1f it occurs, consists of a train of 3
M mulses whoge tims of occurrence and envelops shape are nown. The cuarier ‘F
phaso will be assumed to have a mifora distribution for sach pulse indepondent

of all othexs, i.s., the pulees sre Incoharont.

The set of sipnals can be dsacribed as rm:
2 8
8(t) = J f(tmT) cos (Wi,) (4.73)
w0

mmmxmwoimhmmmw@anmm,mmmt,
vhich is ths envolope of a singls pulss, has the property that
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* 28
f elteiT) 2(tHiT) At = FF 8,4 ’ (+.7%)
0

waore O3 43 18 the Kronecker delta tunction, vhich 1s zexo if 1 f J, and @w
if 4 = §, The time 7 is the intervel between pulscs. Eq (%.74) atates that

the pulaes are spaced far enough so that thoy arc orthogonal, and that the total
signal energy ia Bt The functicn f(t) is aleo agseumed to have no frequency
\ camponents ns high as g; .

The likelihood ratio can be obtained by applying Eq (3.7).

, L(x) = f exp[- %?]m[%; f'r s(t) x(t) ﬂ'] aPg(e) {.75)
; R 0
\ - exp[- i’:] J oo of m[ﬁz of Eo r(t-'rm;')x(t)ccs('%w‘)dt 695-..69}!_1 E
(4.76)
. The integral can be swaluated, as in Section ¥.3, and T
~ N1 ’
{| lx) = exp [- g-;] 15> , &) , ]
=0 ;
. 2 ’ r 2
(&) -[ﬁ f t(tmr)x(t)mwtdt]e +{§; f £(témt) :(t)sinwtd’c] (h.78) 3
1§ 0 0
N

This quantity rn is alnost identlcal with the quantity r wvhich appeared
£ in the discussion of the case of ths signel known except for carrier phase,
: Ssction 4.%. In fact, each rnmamhamiwhtbmr

IThe factor 2 appears 1n (4.7h) because £{t} 1a the pulse envelope; the factoa N
appears because the total energy E is M times the energy of a single pulse,
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described in that sectio. The v Ty is connected with tha Lirst pules;

deal filter for the sipnal
8 (t) = f(t)ccs botre)

it could bs obtained by designing &

{4.79)
for any valuc of ths phesa angle 8, amd putting the output through a linear

Al

dotector, The output wiil be 22 70 at same tnstant of timo &, vhich is deter-

mined by the time delay of the filter. The othor quantities Ty differ only in
that they ave associated with the pulses which come later.
£ilter at tine ty + m7 will be o 1B

2%

Ths output of the

ey e, e gt

It 1s convenilent to have the recoiver calculate the logarithm of the
likelihood ratlo,

g

M-l A
Lo 2s) = R4S sar (D) (4.80)
Yo =z

i i 4

b Tt ~
Thus the Zn I, (-1?) mst be found for each Tys and these M quantities must be

e

added. As in the previocus sectix, % wvill usuaily be small enough so that
) 2
p )
Ln I,(x) caa be approximated by?-:- Jd e qunntitieai: (-3?-) can bo found
N by using & square lav detector rather than a linear detoctor, and the outputs
of tha square law dstector at times ty, tot Ty eesy t, + (M-1)T then mist be

added., The 1deal system thus coasists of an 4.f. amplifier with 1ts passband

Lo

mtche&teas%pma,eangmmdotem {for the threshold signal ] é*
case), and an integrating device. 3 -

We ghall Find norwal cprroximations for the distrivution functions of
the logaritim of the likelihood rativ using the approximstion

.

Wl o e il

. 2
2 1?,4%? i *

%.81)

150 7ig. B9,

21t 1s usually wost conventent o moke the ideal filter (or an approximation to
it} a part of the i.f. ampliifier.
k2

s b o
e m—— R e

g A0

e m
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which s wlid for swell volues of B  * :

2, !
) -1 b 2
Ladss - % + ngo % ( —ﬁ’!) . (4.82)

The disiributions for the guantities I, are independent; this folicvs Ifrom the
fact tiat the Individusl pulse functions £(tiaT) cos (w t44,) are orthogonal.

t \ The distribution for ench is the same as the distribution far the quantity r
vhich azpears in the discuseion of the signal kuown except for phase; the same
:: axalysis applies to both cases. Thus, by Eq (3%.22)2 :
?5“ - T [N > [ @ }
: PN('IT & =%) - -y }
‘ « (.83)
(p2e) - el 2]
plg&s) = ep|-— ’ |
and by (4.26),

| X
o 2N M '
w (320) - Beo[ 2] oo 52) ne o

The dencity functions can be cbtained by differentiating (k.83) and (4.8%):

53 = P=[-(°E] .
wld) 2@ |-l H G (P 0m

2508 fookmots 1, p,37.

Lo
L

e

2%& H appears in the following etmatim bacause ths energy of a single pu.).sa is
ﬁ rather than E.

43 » ot
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This 1s the some sltuation, mathemntically, os appeared in the previous section . K :
o pagd 3% The standard deviaticn and the mean tor the logarithm of the

Gl AL

likelikood ratio can be found In tho same mamer, and thsy are 1.

£ r
hoy Unh) = L% :

py(fnd) » 0 j

0'8!2 (£al) = (1+

e &
Ep

W (Lnt) =

. MR,

(4.86)

[

It the distributions can be assumed normal, thsy are completoly doter-
Rined by thair means and variances, Theoe formulas are demtical with the !
Lormilas (3.70) on page 37 of the previous section, fhe problem is the same, . |
ethematically, snd the discuwssicn and receiver operating characteristic curves
at the end of Sectian k.5 apply to both cases,

LR I SN

5.7 Approximate Eveluation of an Optimum Receiver ]

In arder to obtain approximate vesults for the remaining two cases, the
\ aspuption 1s made thnt in these cages the receiver operating charactoristic

can be approximated by the curvos of Fig. k.1, 1.e., that the logarithm of the
likelihood ratio is approximately normal. This section discussea the approxi-
mtion and a method for fitting the receiver operating characteristic to the
curves of Fig. h.l.

e

{

al ﬂw )

It was pointed out in Section Z2.5.1 of Part I of this report that
2o (£) can bo calealated if Py(£) s knom, It was further pointed out that

g TR

ths n*2 nagent of the dlotribution (L) 1o tho (z-1)*2 moment of the atstri-

S ik o ",

tution Fgy(.£). Hemce, the mean of tho likolihood ratie with nolce alons is

Ly

+ vwah o S 0B WO N




unity, and if tho varlance of the likelihcod ratio with noise alone is truz, the
gocond mwment with noise alone, aud hence the mcan with signal plus noise is
1+ a'na. Thus the difference between the means, and the variance with noise
alone are the same muber crue.‘ This mzber probably characterizes the recciver
roliability better than any other single number,

Suppose the logarithm of the likelihoed ratio han & normel distributiom

with nolse alons, 1.e.,
o0

2
L) w ke / L) i P .87
Fy(4) 7=, exp[- 2] &x, (4.87)

vhore nt is the meen and 4 the variance of the logarithm of the likelihood ratio.
The n'® mment of tho 1ikelihood ratio can bo found as Lollows:

o4 o
p.x(,bn) - J.ln dI-‘n(.i) n 7_-%--& 6[ exp[nx]exp[- E&gﬁ]k s (%.88)

vhoro the substitution £= cxp x hao been made. The integral can be evaluzted dy
comploting the equare in the exponent and using the fact that

@ 22 Irery
f “p{"éua ]h = oxd »

-
2
g™ = e[ Bfsm] . (+.89)

In particular, the mean of £(x), vhich must be wnity, is

peil) =1 = ap[ §42 ], (+.50)
and thorefore
R = "g' ’ (5.52)

N

The varience of .£(x) with noise alane is o 2, and therefore the second moment

55
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of Lix)ta .
£2) wp L)%+ o 2(L) = 2.2
Pu( ) Pn( ) "'U'R( ) 1"’73;( ) s (2)
and this must egree with (4.89).
pyL?) = 14 0f w e [ea + 2n] = expla] (.93}
and therefors
d =dn (1+ a'Ne) . (%.9%)

The distribution of likelihood ratio with signal plus noiss can dbe
found by applying Theoranm R

T(£) = Lay(L)
(0]
Fo(£) = - p [ oyte (+.55)

Substituting for F, (£) from (4.87), and letting £« exp x ylelds

2
® (x-o-&)
Fg (L) = -—Jl_.—: f exp[x]exp [- "'é't;"‘"]dx

23 fnd
)2
- . @ - (x - 2 &
NET .txj:.l ox» 2d = (-5)

Thus the distridution of /n.f 1s normal also vhen thors is signal plus nolse, in

thiluuwit‘xmgandmumo d.

In susmary, the variance one of the likelihood ratio probably msasures
the receiver reliability better than any other oingle number. If the logerdiim
of the likelihcod ratio has a normal distribution, then this distridutiomn, and

1330 Faxt I, Section 20&0

oS e o, AR, S sl s e bl i
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hence the signal plus noise distridution, are complestely determined 1f 0"2

18 given. Doth dlstridutions of fn £(x) are norml with the same veriance d,
mé the difference of the means i1s d. The receiver operating charscterlatic
curves are those plotted in Fig. 4.1, with the parametor @ related to'o-lz

by the equation

d=tairc® . tao¥) |

In the case of & signal known exactly, this 1s the aistribution vhich |
ccours. In the cares of Section 4.h, Section 4.5, and Sectim %.6 this aistri-

A

4 - bution is found to be the limiting distribution when the mudber of sammle points

is large. Certainly in most cases the distributiom has this gemeral form. Thus

at i AP e

it scems reagonsble that useful approxizete results could bs cbtained by calcus
lating anly a'ua for & given case and assuaing that the recsiver reliability is
aprroxinately the same as if the loparithm of ths likalihood ratio had a normal

1 aistribution, Cn thds basis, 0.°(£) is calculated in the fallowing sections

B0 gt A

i
il o il ¥
ot

for two coses, and the asgertion is made that ths receiver relisbhility is glven

S
approximately by the receiver operating characteristic curves of Fig. 4.1 vith ;
a = ta(l+ a0 |
4.8 Simnal Which s One of M Orthoponal Simals : ~

The following case has several epplications, which will be diccussed in
Sectim 5.3. The irportance of this case, and ths one which follows it, lies i
the fact that the uncertainty of tho signnl distrilution can be varied by
changing the peremoter M.

"

Suppoce that the aet.otexpocteds:lmin Inclandes Just M arthegomeld
functions sk(t), gll of which have tho sams probability, the same energy E, and

. e mnw -
s
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are crthoponal. That 18,

Then the 1fke)shood xatic can be found fyoa Eg {3.7) to be

4 n
.zzup[lz: -E (4.98)
Mg A
m»dmmmmmdmmumak{t). a
1
Itahcﬂdhdmrtwbﬂthmmm,ﬂnmih%xgu
n 2 1
Pave o Gaussisn aistribution with meen ero snd varimcs X '—’-‘g‘-— - % .
= 11

mumm,mnammmtmu%z X8y, Wre independent, since ths
=1

. "
functions s (t) ars artlogonal. nmmmmm[% 2 xitu-%]

i1
&xs Iindependent.
A
Simetbm&nr»uchtmzzm{l T :pu--!-] hez a
¥ Yo

m;umumﬁmm-%mm%,mmammz-

butim can e Zound from XQ (%.59). The 2 mopent ia

#,E = w}:n(a-n %} . (%99

Irne veasoning is the seme as that on pege %:

L
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" Jbenste ihe eignals by

It follows that tho mean of each tera 15 unity, and thy veriance 13

of@) = pE) - [mz) 2]- up[%'f-] -1 (+.200)

of the terms. Therefors
0}32(“1) = ) [exp(%"':) - 1] A (.201)
and it follows that ths variance of the likeliliood ratio is
o‘Na(lj - %[exp (%E) - 1] . (4.292)

It vas pointed cut ia Sectixm k.7, psye 47 that the receiver operating
chavacteristic curves are appraxirately those of Figure 4,1, wita

a » Lnll+ o'f} ] .&n(l-é-r%up(%:)) (k.203)

This equetion con te goulved for 2 H

S
28 { 1
ix; » lnl.l«ul(a ~1)} - {5.10%)
Cwurves o:?fwcmntmtdmpw«edmﬁg. %.12, They shov how much the

)
signal energy must be inoreased vhea the number of possible signala increases.

’2;.2 Signal Which is me of M Orthogteal Sipnals with Unmown Carriexr Phase
Canaider the ¢38¢ in which the set of expected signals includes jast
M different amplitude moduloted signals which are known except for carrixr phase,

g (t] = I,(t]} con (&t + Q) . (5.105)
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Tha varisnce of a su of indcpend@nt inndos varisbles is the sum cf the variancez ]
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It w1l Ye cssumed further that the NHunctions fk(t)mhavathoamemwz
S and nxo orthogonol, 1.0., ‘
6[ S,(8) £5(t) 3t = E8y (4.1205) j
whors the 2 18 introduced becmuse the £'s arc the sizual omplitudes, not the
, actusl simal fmctions, Aloo, let the £, (t) bo bani-limited to contain no :
“\ ] frequencies ae hisgh oz @, Then it folicws that any two rignal functions with v !
] 3 )
3 different envelope functiona will be arthogmmal. Let us sssume also that the ;
) distribution of phase 0 is wnifarm, and thet the prcbability for each envalope !\
p ‘ i\mctionis%. ‘
1 With these assumptions, the iikelihood ratlo can be obtaimed from é
=2 1 1) ‘
Y : Eq [3.7), and 1t is : !
E ‘ 2 H a n . |
= : S 3 ’ F 1 1 }- :-g— 5t
. S § k=0 11 °
: \J 1 uhmnnmﬂnnmlemnrnk[t),andhencadepuﬂmmmi -,
: | The intepgratiam is the same as in the case of tho signal Xnown except for phase,
1 i
] and the resuli can be cbtained fran By (%.19)
J 5 __ x
’ 1 B %
1 l(x)a"za:p - = - +108
] 3 gkﬂ. uo ID(E) ? (l‘ )] |
1 F vhere ~
-~} :
2 .
T - ‘/;};j %, £, (ty) coswty) +(1}; x, fy(t,) sin wtilz . (%.209) =
' Now the problem 1s to £ind @'y (£). The verdance .of cach tarm dn
tho sw In By (%.108) can De found, since the distridution function with noise
| alons cen be found as in Section k.3, Siace the £, (t) are arthogomal, the
s 5t
{ | - -
T P ———— -

i




~—  ENGINEERING RESEARCH INSTITUTE « UNIVERSITY OF MICHIGAN —

dstributicns of the ry are independent, and the terms in the sum in Eq (4.107) :
mm&apmamt Thmthovarinnceattheukenhoodmtio,c’ (£) 18 the o }
sur of the wariances of the terms, diviaedhyua.

= o}
The distribution function for each term exp {- %}zo(-xi) 1s given

In Sectim ¥.3 by B¢ (%.21) ard (%.22). If @ is defined by the equation

o [AfE) e |

then the &istritutian function in the presence of nofse for each term in
By (k.208) ¢s

|, ™) = e [-%-2] . (4.211)

The x3an wlne of each term is

s - /:@x“’m - of e [ ‘%]‘°( ?"‘)" =} Q“@'

° .112)

o . gy

,urﬂ LR

This can be evalusted,” end the result 1s that u)p) » 1.
The secand moeent of sach tem is

N s © 3

nMe - f L R

"o 4
S [ H( B o[£ e

- Hevemie, 1mect, Dby o BB
2Lovoen und Wilerbeck, Ref. 1,p. 17k,
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The integral 1s evaluated in Appendix E, and the result 1s

#,,“"(s"’) -1, (gf) . (. 11%)

The variance is

2
[0 w3 - | Pm@,r - 7,(Z)2. pam)

It follows that the variance of M 2 1s
2 N 2R
o (44) ”[Io(iz)' 1] , and

ot - 3@

sincs the variance for the mm of indopendent rendom wvarisbles is the sum of the
variances.

If the approximatiocn ¢-uribed in Section 4.7 is uved, the receiver

(216)

(x.17)

operating chavecteristic curves ave approximtely those of ¥ig. 4.1, with

2 = Ln @+ oy) ""(“%*-%xo(?))'
o

md%unrwcmmdmmum %23

(*.118)

B P
= J |
- . 3
= F
*
y 8
H
o
£ LS < .
33 % =
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2s+__DISCUSSION (F THE SPECIAL CASES

2.1 _Recelver Evaluation

5.1.1 Introduction. Ir Soction 2.5 it was shown that the yeceiver

reliatility can be determined from the distridution functions for likelihood
ratic. In particular an optimum criterion receiver operating at ths level g of
likelihood ratio has false alarm probability P, (A) = u(ﬁ), and rrobability of
dotoction Pgn(A) = Fgu(p). The functions FR(ﬁ) and ¥, Sﬁw) are caloulated in
Section % for a mmber of special cases.

For the pwrpose of discussing receiver relisbility it is sufficient to
have the recsiver operating characteristic in vhich ¥ (a) is plotted an &
function otrs(ﬁ). In this discussion B plays only a secondary role,

The receiver cperating chavacteristic shown in Figure 5.1 appliss to
soveral cases. Amang them is the case of the aignal known exactly, witk the
paremeterdemﬂto%‘i » twice ths ratio of signal energy to noise power per
untt bandwidth.t m:rumu,um-muamu@mchuam
nmctionottins,mﬁitthasimalemrgyistﬂcathenoisepmmmu
bandzidth, thearetically a receiver could be buflt with false alaym Heobedility
of 0.25 and a probability of detection 0.90. If the falss alerm probebility is
requizred to be no greater then 0,10, the rrobability of detactiom can be mmlde no
groater than 0.76. If the false alarm probebility 1s requived to be no greater
then 0,025 and the probability of detection is to bs at least 0.98, ths sigal
mymtbeatleaatel@ttimstbznoisemwmtm
Wacnotthesu@ames. Several curves for tha case of
asig:alhmucepttwmoemehmmmg.5.2:cramorﬂwsammlml

1306 Section 5.2,
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of tho ratlio %—j- as appear In Fig. 5.1. The curves for a glvun cnergy lic bolow
thoss for tha case of the sipnal ¥nown cxactly; with o given falge alarm
probability aud & given value of % » ons cannot achieve as high a probability
of detection if ths carrier phass of tho signal iz unknown,

It vas 2xmd that in sovernl cases the distribution of £n JL(x)
approached a norrsd distribution as a liniting cass, and that in tho limit the
veriance with sigmal plus noise and the variance with noise alone sxe cqual,

In any such case ihe cuwrves of Fig. 5.1 apply, and a comparison of those cascs

is gimplified. For exaxple, in the caso of a signal which is & sample of white
Gaussian noise, it wes found that if the muber of sample points is larpe and ths
sipal to noise ratio Is small, then this approximation applies, with

a = (2n1) (J. - /—R%)an -3(%)2 . (+.37)

Other curvea for ikis case, sous vwith amall sazple mumber and moderate signal
‘to nolee ratig are given in Figs. 4.6 and %,7. The exact equations for the
ddstritution are 5go (%.33) and (4.34).

_ The follewing two cages lead to the same veceiver operating charac-
teristic in the aprmoximetion considered in Sectims L.5 and h.6: (1) ths droad
bmarec;im with cptimm video deoign, with a pulse sigual, and (2) the cptimm
receiver for a train of pulsea with ihccherent phase, In the first case the
Wum'mummcrmwmmhormmmrm
the pulse width of the signal, In the case of the train of pulses, N is the
nuober of pulses. ya&mxuwmmyamm. Approxi-
mate receiver oprreting chaructariatics are plottod in Fig. 4.10. Small signal
to noise satio and Jargs X lead to the dlstributions for vhich Fig, 5.1 is
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plotted, this time with

2 ,
a = %(1%) . (. 72)

5.1.3 An Approximie Evaluntion of Optimum Receivors. Scuc sipler

evaluation of receivers wes nseded because of the difficulty in solving directly
for the aistridbution functiom of 1ikelihood ratio in any casos more canlicated
than the cnos alrendy mentioned. It secmod reasonmable to approximate the actual
receiver operating characteristic by the curves given in Fig. 5.1, Zinding in
sms marner tho valus of the dstection index d vwhich leadr. to the bost £it of
the approximte curve to the real curve. This ie sugmestod by the occurrence of
the curves of Fig. 5.1 in forr of the five cases already discussod. Also, any
recoiver oporating characterdstic musi have in cocomon with the curves of Fig. 5.1
that its slope 18 positive erd its second derivative is negative, and that it
must start at the lower left Mand corner and end at the upper right hand corner
of the graph, .

It 18 ghowm in Sectim 2.5.2 that the variance oy of the 1ikelihuod
xatio vhen thore s noise slome 1s the samc as the difference of the means of
1ikelihood ratio with noise alone and with sigmnl plus noise, This paremster
Oy seens to characterizs rdgmal detectability bettar then any other single
wmber. In Section k.7, 1t is shovn that 42 0" 1s piven and the logaritim of
wmnmumupmammmn&mm,
then it follows that the logaritim of the likelihood ratio with sigmal plue

roise also bas a nurmal distribution with the same wardiance, -and thue the

[ recetvr oparating chavacterfstic s that of Fig. 5.1. Tho index & is givem by

3 = UIn (1 + ‘,’2) - {’4.9’#}
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Tt seems rsasanable that thie curves be fitted on this basis, i.e., that ane

be determined for the actudl situntion and the approxima: ¢ roceiver coperating
characteristic graph be taken as the curvs of Fig. 5.1 with index a given by the-
abovo g {%.9%).

5.1.% The ,S_EEQQ' One of M Orthogonal Sigmals, The methods of {the
provicus section have been &fplied to the cass vhere the cperator knows that ihe
sigoal, 12 1t ocowrs, will Ho ome of N arihogonal functions of equal emergy.
Orthogonal, of course, moaid that the funoctions have zero cross correlation, 1.8.,
£{t) and g(t) are orthogonal if

?

f £(t) glt) at = 0 (5.2)
i 0

vhere the integration is over the cbeervation interval. The velus cbtained for

2 . 1
oy is

2 1 Z). .
LAY [“p(uo) 1} (4,202)
and g0 the spproximate yeceiver operating characteristic is that of Fig. 5.1 with
d =2n [1 §tg o (“° )] (%.103)

mmmaalemmmrwmmmmwmumm
oimnlaummaxupttarﬂw,mﬁthephuean@.ehua\mﬂomdietﬂbuﬁm?

Yor this cass

’xa - %[Io (i‘au!)‘ "J » and hence (+.227)
]
4 = fa [?‘%"% Ia(?:')] . (s.128)

Bt byt e N
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Thegs two cases arc the basis for the best appraximation availeble to
the troblet of & signal of waknown time origin or a sigpel of unknown Irequency
or both. Far example, we have boen wnable to fiud the aiotribution of likelihood
ratio for tho casc of a gigual vhich is & pulse of unknown carrier phase if the
storting time 1s random ond dfstributod uniformly over a time intorval. Howover,
if the probler is changed elightly, go that the starting tims is restricted %o
times speced approximately a pulse width apart, then pulses stariting at dilferont
times would be apprarimately orthogonal, and the cape of the signal one of K
orthogonal sigals known excopt for phass could be applied. Eq (%4.118) should
be used with M equal to the ratic of observation time to pulse width. A similar
arpuexent applics to tho case in which a signal is a pulse Imown excopt for phuse
and center frequency. Eq (4.118) should bo used with M taken as the ratioc of
total bandvidth to signal bandwidth, It should be pointed out that 1t 15 not the
saxe to assum that the siganl cen appear in only & finite muber of different’
posiﬁmé, ovun though the positions arc cleie to each othar, as to say that the
signal can appeaxr anywhere :In:a.n intexval. There iec more wcertainty in the
latter cass, and the signal cannot be detoctod as casily.

2:1.5 Tho Broad Band Receiver end the IYdoal Receivur. Qme common
pethod of dotecting pulse sigmals in a froquemcy band is to Build a receiver
whoss bandwidth is the entire frequuicy band. Tha receiver operating charsctor-

tic Tor such a recoliver with a pulse signel of known starting time 3sm cal-
culated in Section 4.k, This 18 not o lruly idoal receiver, and it would be
interesting to compnre it with an ideql reccivor.

#appéoximum of the procoding paragraph for the ideal receiver. Since the

Thio can b8 dceme using the

tandwidth of a pulse is approxtiretely the rociprocal of the pulsc width, the
parazotor M of Scction 4.4 and the raremoter if in Eq (%.118) are both equal to

e B o
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the Tatio of totel bandwidth to pulse bandwidth. mma?:ua
function of d sre given in Fig. 5.3 for the apmuxisete idsal veceiver and the
.bmwmmmmmorn. The expression used for 4 1s
By (k.71) vhich holds for large velues of M.

2:.1.6 Tucertainty and Sig Potectability. In ths two cases dis-
cussed in Sectlm 5.1.4, vhere the aigmel considered is ane of X orthogonal
am,mmdmsmnamd& This zives us an
ommwwmmmhmuomummmem
dotectability. In the spproximate ewaluaifon of the recciver buflt to detect the
Tresence of & sigral vivm the aignal s e of M arthogonal functiom, the
curves of Fig. 5.1 are unod vith the detection index d given by

ad = .la[l---n- eu:p( )] (%.103)

This eqmﬁmmbemvedfwﬂuumlm.

% - lnI:.-:uue‘]

8 In U +fn (o%) ? (5.2)

= 1
the ayproximation hnldhg:u'lu-goi;. ¥rom this equation it can Do ssen
that the signal eneryy is spgwoximtely x lincar fimction of £ M whan the
dstectimn index d, and hance the obiifty to dotect signals, 13 Jept comstant.?

>3,thomiclwthmlm.
znmmumm:nanmmmarmmm--zalnp

—

Whzre g ds Ehe el iy wf the ¥R erthogonad sigual. 2His itn met the came

exccptvhmanm;:imam- mwmmmm:awe
genersl cage 1>

—  ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN -

E : - f f !

L wt, y g e e

| O - -



Uyl g SO o

o

e

-

P

o £ Eaac

ks ]

- g

“‘:f_'u

{)r,wwn G

gt
f

PP

] b . i

soid e b

P

"
ey o

O

b

i pliasib it

£8-12-4 w3r Se-Lov¥ 026-W

120
g0

80
70

60

50

40

32030

20.

\

\

\

BRGAD BAND

Vg
\

IDEA

2 4 6

F1G. 5.3.

8 0 2
«

COMPARISON OF IDEAL AND BROAD BAND

RECEIVERS ..

W % B @ @ 24

Sl i i e

it

Lo v

W




- -~ vaiye s eyt
i i = e ,a-,naw-A.. Pt e} ! FpEyT

oy

e es ™ML
e =

—

L ? __ ENGINEERING RESEARCH INSTITUTE « UNIVERSITY OF MICHIGAN

5.2 Receiver Desirn. There are a few cases when tho rocsiver design is aixple

to zpecify if the nolse is Gaussian. Ir, for cxnmple, noh only the noise, dut

also the sigrel are Caussizn, and both have a unifornm spoctrum over thoir

i osd

dendwidth, then the optimm recelver 2lsply monsures the energy witich comes in
dwring ths observation period. The simple relatian between energy and 1ikeli-
’ hood ratio 1s given by Bg (k.k1) of Sectimm .k,

The simplest remining cass is that in which the signal is Xuown

G

exactly. Then tha theuwry specifics that iias rocelver find the cross corre-

: lation between tho expocted signal ard the recoiver input, L.e.,

W 1t gt ot '

T | \
of s(t) x(t) at, 5.3) :

' wat o o

‘ ¥here 3{t) is the expectsd signal and x(t) is the receiver input, and the

: cbservaticn interval 1o frov t = 0 to ¢t = T. The yatio ¢f this cress coarrelation A J

to 4» noise power per unit bandwidth is eme-hal’” the natural logaritim of the }
1ikelihoold nuo.l Seveynl slaborate correlating dovices havo beexn built
d ! mﬂy‘z

There is, in this cass, a sizple =wans of cbtaining e correlation,
12 the signel 1o oimple in form, for exssple, a pulse,
] ] dosined with ispulse rasponae

If a T1lter can be

1 aft) = sfr-t) i oS tiT ,

=D othexwise, {%.10)

] and the receiver input applisd $0 tho filter, then the output at tine T will be
4

1500 page 9, Eq (¥.2b).

3

and Rogars, IReg, 115; i Batting ek Meade, Nef. I7; lee Chextime, axl
i !wm,mnx& Lowin and Retntzes, Ref, 19, )
§
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f ; x{t) h(T-7) 4T = f x(r) s{r) ar , {&.01)
-0 0

vhich is the required correlation. It twrns out that this 1s the same filter
spacified by Middleton, Van Visck, Wiener, North, and Hansen as the filter wiich
mxinizes asignal-to-noise rat.io.l

If ths signal boing scught is an amplitude modulated signal ¥nowm
except for carrier pbass, than the ideal rocoiver has a filter like the e
specified in the previous paragraph designed for any particular phase. The
raceiver input is epplied to this filter, and the output 1s an ¥ {or more
likely, if) voltags. It twms out that the envelope of this woliage iz the
roquired quertity. Its relation to likelihood ratio is derived in Section %.3
and presented in Eqs (%.19) and (%.29).

A look ot the peneral equation for likelihood ratio

- T
Lix) = ﬁ.@ {. £ },@[% f x(t) o(t) dt] Pels) . (.m)
R ° 0

sugrests tho following method for dosigning the optimm raceiver for sipgnal
detection. First find the correlation as described ahove, between the rasoelver
input enit each possible expocted signal. Next, divide sach by N,, the noise
per unit bandvigth, and find the exponential function of each. Finelly, find the
welightod average of all those quantities. Ths hard part is to find thes cross
correlation botween each expected sipmal and the receivor imput. This moans
that ths ideal filter and associated amplifiers ere nseded for each sxpected
signal, or essentinlly a zeparatc roceiver for each expected sigmal. In most

b 3
Lawson and Uhlenbeck, Ref. 1, p. 206; North, Ref. 11. ;

. i e o
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cases this is out of the guestion. In the caces studfed in Soctions 4.2, 4.3,
%%, and 5.6, some poculiarity of tho oot of expected signals made a simpler
ideal receiver poscible.

Thoro is another noteworthy cese. If the signal 1s known except for
starting time, then it ia pufficient to look at the sape idoal filter at dif-
ferent t{imos rathor than io have a diffcrent filtor for each starting time.

For even & simrle square pulse, it is impossible to synthesizo the
idoal filter exactly. Just how critical, then, is tho dcsign of the ideal
Tiiter? This can bs angwored by finding how well signal detection can be accomz-
1liched with an approximntion to the ideal filter.

For sizplicity, consider the caso of the oipmel known exactly. Ths
results for this will follew with litile modification for the other cases vheye
the 1deal filter is used. The theory specifies that the rospance of a cortain
f0%er to the receiver Input be cbsorved at & cortain instant. Once it 1s known
that the ideal recoiver has this form, it is clear that this filter sust be the
ono which maximizes the Instantrnecus signal output voltage (or power), the noise
™ voltage {or avorage powar) being kopt fized. This is the recson the filter
vhich other anthars have found maximizes signal-to-noiss ratic is the onc which
18 the cbeolute optimm for this case.t

If a filtor can be built for vhich the ocutput ratio of pesk signal %o
Tus noise is nearly ihe sexe as that cbtained with an 1deal filter, ihen this
Tilter will give results nearly as good as the ideal filter. The nofsc power at
the cutput of a filter vith transfor function H{w ) is equal to

o
"
T

¥ s (Cne) ) (5-4)
-u
Y560 tootnote, p. 63. .,
6
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vhore N, is tho noise power per unit bandvidth of the imput nolise. Iy Parsoval's
theoran,! and the fact that h(t), the irpulse response, is the Fourier tranaforn
of H{w).

@ ) .
¥ = K, [ Blo)Ha)
-0
s 4] ——
= %, [ n(s)n(e) & &-5)
-0

In tho case of the 1deal filter, Bq. %.10 can be epziisd, end the
result ia
T 2
X = N j s(-v)“ar = ¥x -6)
o .

where B iz the signal energy. The peak voltoge output if thaye is signal dut
no noiss is

- 4
of at) Cat = % G-7)

and henco the pen. sigal pover at the cutput 18 2. The ratio of pesk sigml
pmtoamagewhopwerntms%twthiﬂsﬂm

Sﬁmmmmdmmmmaraam‘m
lar pulss, if an RC filtar 1a used with time constant B0Y of the pulse daration,
the recciver oporating charactorisiic will be the same os 17 the ideal filter
wers uscd and the signnl reduced 0.90 db. This is dexrived in Azpendix F.
Several othor pulno cases have been trvated and the results for the best filter
of cach type arc swrnrized in the following tables

1Titclmm:ah, An _Introduction 4o the Theeyv of Reurder Intesrals, (Oxford: Gaiver-
ity Irems, I057y pv Jh.

sty o b il i s




p——
pa

3 —  ENGINEERING RESEARCH INSTITUTE « UNIVERSITY OF MICHIGAN

o

;f Equivalent Loos

3 Pulee Filter in Sigal Strength

S 1

: Gaussian Rectangular Passband N

3 ; 0.98 av

3 Roctangular Gm - n Passband

- Rectangular Rectangular Passband 0.83 @t

Rectanpular Stsple RC Filter (or

Singlo Tunsd Circuit) 0.90 db

N impulse
: Rectangular response 0.5 ay

s N 1mpulse

- —J\—- response 1. o

|
' IS— Siwple RC Filter (or
, (Exponent: 11 Decay) | Single Tuned Ci:cuit) 2.67 d®
i ]
‘ : 3 The ninimm squivalent loss was obtainsed by adjusting the bandwidth
X of the filter. Thus in dctecting pulses the form of ths Lfilter passbend i3
F r; relatively winpartant. However, it 1s importent to have tho correct f£ilter
bandwidth., This is essantiadly ihe prssont-day attituds in Huilding receivers
\'1 : for receiving pulses of knoum freguency.

23 i  Part IX of The Theory of Signal Dotectability consists of the applica-
tiom of the theory presented in Part I to somo special cases of signal dstection
problema dn order to obtadn dnformetion on (1) the design -of qutimm receivers

! %‘ u for the detection of stgnals, and {2) the performence of these receivers.
- brnose cases are derived in Lawson and Uhlenbeck, Ref. 1, p. 206,

3 68
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Tbapociﬂmvhichmpwmtedmcbw&ﬁmﬁesﬁ:;l&t
protlens in signal dotection which closely repmesent practicel situatioss. Thoy
arc listed in Table I along with oxamples of enginsering problems in which they

ko 4 4

o m 4 g Y
Sudd ik " Lkt e e WA h»ﬂbﬂ@%m o
i

Pt

By

Lind applicatior.
TAHE I
Descriptio of
Saction 84ignal. Ensoshle Apulication
3.2 Sigonl. novm Exactly Cohorent radar with a tarpet of
Iown range and character
43 Signal Fnom Except for | Ordinery pulse redsr with no infe-
FPhase geation and with a targst of known
rangs and charecter.
&% Signsl a Saple of White | Dotection of noiso-like signals;
Gounsian Noise dotection of speech scunds in
Gauseian nolse.
%5 Video Design of & Broad | Dotecting a milee of known starte
Band Recsiver ing tine (such as a Tulse from &
radar beacon) with a crystal-video
or othar typs broad band receiver.
t W3 A Badar Case (A train of | Oxdinary pulee radar with inte-
pulses with incobexoent pration and vith o target of Xnown
Thase) rengs and chavactar.
%8 Signal One of X Orthogo- | Coherert rades where the tergst 4s
sl Sigals at o of a $inits muber of non-
gverlapping positions.
%.9 Signal One of K Grthogo~ | Ordtwery midse radar vith oo inte-
ml Sipneles Dnowm Excopt | gration and with & target which
Lor Phaso my appear st ano of s Linite
mebher of pon-overlapping poade -
ticne.
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e In the lest two coses the uncertainty in the signal can be varied, and s

‘ 1ight is throm on the relativnchip between wuncertainty and the ability to

% dotect signals. Tho wvnriety of examples presented should sexrve to sugpest

5 mothods for avtacking other simple signel detection problems and to give insipght
into prchlems too cotrplicatod to allow a dlrect solution.

E It should be borme in mind that this report discusses the delection of
signals in noise; the prohler of obtaining information Lrom sipnals or aboud

i sigmls, except es to whether or not they ere present, is not discussed., Fur-

i

thermare, in troating the special cases, the noise was assumed to be Caussion.t

Iz addition to general xorarks on receivoer des:lgz,e most secticns m
special casvs Include egpocific information describing the simplest desimm for
the optimm receiwnr for the cese considered in those sections,

For the simpls cases, the design indicated correspmnds clogely to the
design indicated by ths type of analysis in which signal to nolse ratio is
paxinized, For the mores complicated cases, the desipgn suggested is usually
irpractical. For some prublems it may never be practical to attempt to build =n
optime system. For others, however, enginzers eguipped with a good wnderstand-
ing of statistical msthods and their spplication to the prodlem of sipnal
dotectability, and to comamication theory in general, will undoubtedly invent
systems which approach the optimm system.

Por each specinl case treated in this rwport, at least an approximatimm
is given for the recsiver pex;tomnce. Recelver porformance roceived primnry
oeaphnsis because it has genoinlly been slightsd in previous work. It is

|

-Qmwwmmiu&mummdﬁm
2

See Section 5.2,
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important to know the performencs which could be sbtained frem an optimm
mimmﬂmoyummﬁucmtbewt, since this gives an upper
bound on the perfermnnce which cm be obtainad with any recoeiver in a given
aitmﬁa,mﬂ%ﬂhﬂmﬂmnmbmﬁmwhatmmafbhbe
accommlinlnd by irprovenants In recolver design.
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APPENDIX D

The Sampling Theorem {

Suppose £(t) is a measuresble function vhich is defined for 0S8 t S 7,

Then £(t) can be expanded in a Fowrder series in this intarvel. The Ircquency of
any term 4n the serics 15 an iategrsl multiple of 1/7. Suppose there are no terms
In the geries vith frequency above W.I This makes the function band limited,
Denote by Yg,(t) the function

o [ o (3- )]

(2vm) sm[;(% - 5’%—)}

S o LR b G St s

Fodhoad bl bl

‘pm(t) - (p.1)

avr

@ = I f(E) (0.2) ' |

P .

ra

Furthermore, the functions ¥ are orthogonal om the interval O0St<T, ;

4 . 7 |
JRLICER e (.3
0 )

j Pult) & = L 0.4 ) .

0
where 3, 1s the Kronecker delta function, which 1s zevo 1f k £ & and unity 17

kxm,

T Shall assupe 2WT.18 an odd integer, This equivalent to-choosing the 1imit.
of the baad half woy betwzen the froquency of the last non zeéro tem in the

Fourier series and the fraquency of the next term (vhich, oi‘ cours-., has a
2610 coefficiert).
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It follows from Eg (D.2) and B (D,3) thet

r o -
f [f(t)]e L ) [z (%)] e (0.5)
s M
snd from Egu (D.2) exd Bq (D.¥)
b o &
/ ) a =z I £(R) (0.6)
0 =l

Thus the F77 functionsy_ have the sene properties for the finite
interval vhich Shumon's interpolation functions have oo the infinite interval,>
It 1s interesting to note that vhen SVF 15 lurge, these functions, exvept the
ones near the ends of the interval, are spproximately the same as Shannon's.
The Fourier series for ¥ (t) has no tems with frequency above W.
It is, in exponential fom,
o I o el ]

a e (el e .

2

This can be shown By expressing the sine functions in Eq (D.1) ss exponentials
& using the algebreie fdentity

{p.7)

21 ol . E x
a8~ I'I ) . {.8)
k=~

Formila (D.b) can be proved by integrating Eq (D.7) directly. Note
tm = @\

L sce Sharmon, Ref, 21,

e (Uil ;.F‘,ﬁd‘,-ﬂ’h i
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Formuls (D.3) can best b= proved a)so by using the Fourier series.

! D et
f Vlt) Vi t) &

P m'-%
e | T ol el 3 = T
0O n

- -(r3) »=(=3)

' el *
z 2
e
{2 - 1))

vx-?a
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-y I z, ol =gl o
u--l. ' %
2
7 - ~2xn(n-k
Lo el )
nw -(W-l)
2
If m = ¥, each of the 2T tayus in the sum 18 wnity. If m f k, the teres in the
sum are equallv gpaced yxosmd the vadt circle in the complex plene and must sum
to zero, Thus
F 3

kn “
bf Y ¥t a « S8, 5
) i
vhick was 2 be proved, s
: .
i f
!
n |
O, — ) Y "fwg@’@‘fi
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The validity of the expansion in equation (D.2) follows from the
fret that the functions x}'a(t) are ZHT linesrly independent linear combinstions
of the ZWT functions

exply L] %“WSnSW-%

shich are used in the Fourler series = pansion., Tus any functicn vhich can be
expanded in a I'ou‘rier series with only the first 2W? terme can &lso be expsndad
in a unigue vsy in terms of the functions ¥ .

There 18 an alternste form of the sampling theorem for band lixmited
signels, With this form the signal funciion can be descvibed by giving sample
valuenettheeg-xvelopeandphueorthe signal, and hen-: this form is often
convenient to use in describing rf signals. '

Suppose the function £{t), vhen expanded in a Fourier scries on the
interval 05 t S 7 has only s finite mmber of terws in its expansion, smd -
swpose thoy ars mmmmmmgmmmoyrltomw

5.1 The banividth then could be detined as
9-1‘2-319-%,- (909)
and the center fyequency is
£, + L
e (p.10)
2% z

Then the Forier series can be written

B

2(t) = g 2 m[(ﬂ + %‘_ k) t] +b, sin[(m %"_k)t] {p.11)

. -
2{t) = R] X ifam - b Yew {L(si-?-;! t] {v.22)
- ) )

where R means "the real part of", and n = %— (T - 2).

Y swlasmﬁg-ﬂlnmemﬁﬁimmdxﬁat T & 1.
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2o(t) = » { °® fut] ;(": - o) ""[ : g';ﬁ"'}}

O M omBed T o cmf 32Ty, o2y
-

« new o] s - zrtt))}
= x(t) coswt + ¥(t) sin et

«(t) ;ak [120
"Lrew [15R], w
-2

o b
¥t} a-F = ezp[:?%.} .
-k

mwx(t)wﬂt)mmwiﬂmurmnmtmor
msmplhgthem,roraxmuﬁthmiesm
Theymbee:@msedthercfmintheton

x(t) = X () % (0
k=

= k=l

UNIVERSITY OF MiCHIGAN

mmgc

(0.33)

(D.14)

ey

(D.16)
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and the function £{x) can be represented Ly giving the sawpls velues x (.’S)
ot o)
Since £{t) can be expressed in the form

2{t) = x{t) coswt + y(t) sinwt

(D.23)
anl x(t) and 7(t) are limited to fraguencios less thm vhich is less .tham 2—“
the envelope of £(t) is

. 2
r(t) = w/ «()2 + y(e)° {va7)

The angle O(t) definad by

cos O(t) = g{%

8in 6(t) = » %{% (0.28)
¢an be considered as the phase of the siznal, since

£{t) = x(t) cos 8(t) cos wt ~ 2{t) sin 9 (t) sin wt
= "x(t) cos [ut + oft)] (.29)

Note that the sample values X; and y; can be obtained from sample
values of r and Q,

x = x(%)- r(é) cos [‘9 (%)]- T, cos O

{p.20)
71 = 1-1 sin 01

Thus the finction £{t) may de represented by giving the ssuple velues uf its

amplitude and prase st pointe spaced % gpart through the observaticn intervsl.
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APYERDIX B

The integral
exp (%) /{2 (m)]zuexp [-%.2] do (2.2)
fs reguived. °
The integral

S 0 ol
0

= a ex{{%-j?(% L -5

2%

ol @I%-J k=0 ‘ ?:b;n:a? (z.2)
where ¥ (wn, 3; - 3_.) 15 the confluent hypergecmetric function.t The function
I, () can be expanded in 8 power serfeq

© o252g

Then ke integral (£.1) can be writtem

©

- 2 2 2
exp {-°%) 5[ IIQ(!n)] o epr- %‘j & = (B.%)
(Swatituting {2.3) for In (=x})
© ®
= exp () i3 2
J LR v £]a

®.5)
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)
2n 2n+l
2 b o
. e () ¥ L(o) en[-% ]  (26)
n0 O 2 °
O on 2.1 2x
b - b al b
= exp (W) § o 2 en[t] s 57
n=p k=0
2. ® n 2n¢2k
b
= e:vrp[-%] z 2
n=0 k=0 2%K{n-X)ik!k? (e.8)
(Rearrenging the texms in the double sum)
2. @ 0 ont2k
L - emf-%]2 2 (2.9)
k=0 n=k 2%%(n-k)ikiKx!
: o o© ik 20 - 2%
. 2
' ~en[-Y3] T T g (5200
< k=0 1k 2% 27¥ pur (nek)3
: {Letting m = n-k)
_ y 2. ® @ k om
b b b
) = exp|- 2 2
) I _é-} X0 m=D 22k kikimio® (ea1)
o hk o0
2 P
- X1y )R
exp .22
[-% ko0 27K KIk! me0 B2 )
oo -$] 1,09 em [£]- 3, 09
Xp ‘5" 0 exp "E‘ 0 {gln)
1 The steps in this derivation which must e justified are interchanging
the order of integration end summation ot step (E.G) and rearranging the Adcuble
sun, at steps (E.9)and (E,12). It is easy to show that the integrsl (E.G) extsts.
J The integrands in (E.6) are uniformly buunded by the integrend fa (E.A). Thus
i

g o ki 2 S e e -
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the ivtegrals in (E.6) converge uniformly, and the order of integration and
swmmation can be interchanged. As for rearranging double sums, this is possible
since 831 the terms are positive, and hence the convergence is absolute,
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APFENDIX ¥

other filter, Suppose s(t) is s rectangular pulse of energy F and width d,

Then
st) = [E srosesa

= 0 othervise

(F.1)

Suppose the filter is made up of a single resistor and a single
condenser, with an anplifier or attenuator, whichever is needed to moke the
noise power at toe output ROL' as in the ideal coeze, Then the impulse response
is of the form .

h(t) = hoe ittéo
= 0O othervise

o>

{r.2j

vhere T is the time constant of the fﬂterandho is a constant depanding oa the
goein of the amplifier or attenuator, The requirement thst the noise pover at

the output be X E s, by (5.6), equivalent to requiring that
®

E = f [h(:‘;' 2 4, (».3)

-

&

2 == Bt
”‘/‘o‘r"""’?‘ (7.4)

vhich yields

&

)
-
g

(?.5)

fer

ne) v 4/ e Firt2o
= 0 othexwise

The response V(%) of this filter to the pulse s(t) is, ty (ha1),

%
V() = f 5(A) h (t=A) dA. (r.7)
P

(r.6)
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1et uas consider & simple case of approximating the ideal filter by som®
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Substitutions from (F,1) and (F.6) for s(t) <nd h{t) give

] )

§ vit) = EVZE e T dirogtsa

1 a - =3 .

- g |= T -

A d T° & 1re>i, E T

These integrels can be evaluated essily, end £ i

P

v(t) = xf?dl(l-e ) rosesa i
’ (l".9) <

’ p ! V() 'BJE'&?'(J""-?)'-@ itt>a .

V(t) increases with time if £ < 4 snd decreases with time if ¢ >4, sc it

must hove its maximm value at ¢+ = 4, That maximm value is

N . _ ) 1

! Vaax = Eo/EL (1-.7%). (¥ .120)

. 2
In Fig. Ful, Vpy/E 18 plotted a5 o function of . It is scen that ot
g.ao.eappmﬁmten,vwmam,mauttnupomv_:umm- N 3
wetely 0.9E. f ]

For this particular case, if the RC filter with time constant T = 084 ]
15 used in place of the ideal filter, the reliability of signal dctectiom will
be the same as 1f the idesl filter were used and the signel smplitude vere reduced ! 1

to ninety per cent, or 0.90 decibel.
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SYELIOGRATY .
On Statistical Approeches to the Signal Detectability Problem: *

1. I-ﬂﬂ!m, Je In’ and mem’ Go E., m’wﬁ S‘l@a'ls, Hch-Km, m
Yoxk, 1950. -

This book is vertainly the outatanding referemce on threshol?d sigmals, It
presents a great variety of both theoreticel aad esperimental work. Chap-
ftexr 7 presents a statistical spproach of the criterion type for the signel
detection probles, and tie ides of a criterica vhich minimizes the prode-

bility of an error is {ntroduced. (This is a special cage of ai optiwm 3
eriterion of the first type.) )

2. Devies, I. L., "0n Deternining the Presence of Signals in Noise,™ Proc. g
I.E.E. (Londn), Vol. 99, Part III, gp. 45-51, March, 1952, = :

3« Woodward, P. M., snd Davies, I, L., “Information Theory and Inverse Proba=
bility in Telecommmication,” Proc. I.E.R. (Ionden), Vol. 99, Eart IIT,
Pe 37, M) m

b, Voodwerd, P. N., and Devies, X. L., "A Theosy of Radar Information,” ‘
Pnil, Mig., Vol. 41, p. 2001, 1950,

3. Woodward, P. M., "Information Theory and the Design of Radar Receivers,"
) Prov. I.R.B,, Val. 39, D. m ’

Voodward and Davies have introduced the idea of a receiver having a pos~
teriord probability as its ouiput, eni they point out that such a receiver ]
N gives a maximm smount of informstion, They heve handled the case of an 1

arbitrary sigaal function knovn exsetly or known except for phase with no :
more difficulty then other authors have had vith s sine wave signal, ‘
Their methods gerve as a basis for the second yart of this report, 5

1 6. Reich, E., and Swerling, P., “the Detection of a Sine Wave in Geussiem
Roise,” Jour. App. Phys., Vol. 2%, p. 289, March, 2953,

Thls paper consifers the probiem of finding an optimm criterion §f the

second type presented ir this report)for the cese of o sine wave of limtted

duration, known arplitude ard frequency, it urknown phose in the presence

of Gaussian noise of arbitrery autocorrelstion. The method probably could

be extended to more general problems. Om the other hond, the mathods of

this repori con be applied it the signals are bend limited even in the case

of nin-unifern noise by putting the signals and noise through on {zaginery
ﬂm'ummminemﬂom%bﬁm:m&em, ‘Bee ‘The

Theory of Slgnal DefectsbfTiiy, Rack IT, Sectior 3.9, - .
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Middleton, D,, "Statisticol Criterin for the Detection of Pulsed Carriers
in Noise, Jour, Appl, Fhys., Vol. 24, p. 371, April, 1953.

A thorough discussion is given of the problem of detecting pulses (of wmne-
known phase) in Caussisn noise, Beth tyves of optimum criteria are
discussed, but not in their Sull gencrality. The sequential type of test
is discugsed elce, Middleton®s cquation (0.1) doos not hold for the
sequential teost, and as a result, his calculations for ine minimm
detectadls sigunl with a sequentinl tost are incorrect. Tho &ilscussion

of the tests is not clear. The comparison of the testa, vhich are dosipned
to optimizo different quantities, seems inappropriate; cach teet accom-
plishes its own task in the Leat poanible vay,

Slattery, T+ G.y "The Detectian of & Sine Wave in Noise by the Uss of &
Non-Linear Filtor," Proc. I.R.E., Vol. 40, p. 12%2, Octobes, 1952.

This article considors the problem of detecting o sine wave of kmom dure~
tion, arplitudo, and frequency, but unknown phase in urdfaorm Gaussian
noiss. The erticle contains esveral errors, and the rusults are not
clearly presented,

Hanse, H., “The Optimigstic™ and Analysis of Systems for the Detection of
Pulsed Signals in Rarlom Fo.s2," Doctoral Dissertation (MIT), Jemuary, 1951.

§:hvartz, N., "A Stotisticol Approach to the Automstic Sesrch Problem,”
Doctoral Dissertstisn (Rervard), June, 1951,

These dissertations both consider the problem of finding the optimum ree
ceiver of the criterion type for radar type signals,

¥orth, D. O0», "An Analysis of the Factors vhich Determine Signal-Hoise Dis-
erinination in Pulsed Carrier Systems," RCA Laboratory Report PTR-6C, 1543.

The ideas of false alam probability and vrobability of detecticn are
introduced. Ncrth argues that these probshilities will be most favorable
vhen peak signal to aversge nofse ratio 1s largest. The ildzal filter,
vhich maximizes this ratio, is derived, (This commentary is besed o
second-hand Xnowledge of the report.) :

Xaplsn, S. M., and Fall, R, W,, “The Statistical Propertiec of ¥oise Applied
to Rader Range Pexformance,” Proc, I.R.E., Vol. 39, p. 56, Jenuary, 195l.

The idens of false alam probability and provability of detection are ine
troduced and an example of their application to a radar recetiver is ziven,
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Yaréwn, J. T.p "A Statistical Theory of Target Detection by Puleed Radecs,s
Hathemetical Appendix," Rand Corparation Fepart 3-113, July 1, 19%8.

This repori contzine a careful, thorough study of the msthematical prcblen
wvhich 1t considers. -

On Stetistica:

13%. Yeymen, J., and Pearson, E, S., "On the Prohlem of the Most Efficient Tests
of gebgtistical Hypotheses,” thil. Trans. Roy. Soc., Vol. 21, Series A,
P & YRR

s AR

1%, Cromér, ., Mstbematical Methods of Statistics, irinceton Univer.ity Press,
Princeton, 1951,

”

) Cn Related Toples:

15. Dvork, B. M., "Detection of a Pulse Superimposed ocn Flnctuation Noise,"
Proc, IOREst’ Yol. ﬁ; Do m: I?nh, 1950.

16, Harrington, J. V., ond Rogers, 7. F., "Signal-to-Noise Improvexont Through
Integration in a Storage Tube,® Proc, I.R.E., Vol. 38, p. 1197, October,
1950

17.: Bam' A. 1 ¥ ] ﬁ we, J' go, "A Mce for C@m mmmm m-
tious," Rev, Sci. Inst,. Vol. 23, A7, 2952,

1B. 1Loe, Y. W., Cheathan, ¥, P., Jr., and Wiesner, J. 5., "Applications of
Coxrrelatioa Analysis to the detectiom of Pericdic Sigsals in Noisc," Pruc.
I.R.E., Vol. 38, p. 1165, October, 1950, -

19. Llevin, K. J,, and Beintzes, J. F., "A Five Channel Electrouic Analog
Correlator,” Proc. Not. El, Conf., Vol. 8, 1952,

20. Rice, S, O., “Inthemntical Analysis of Randon lioise," B.S.%7.d., Vol. 23,
7. 280-332 an3 Vol. 2%, p. 46-156, 1945-6. -

21, Ghamm, C. E.,

Cozzmication in the Presence of Noise," Proc. I.R.E.,
Vol. 37, 7p. 10-21, January, 1949,
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L1ST GF SOBOL3

The event "The oporatoer cays there io signol plus noise prescaty,®
or a critoriom, i.o., the sat of receiver inpute for which the
operator says therc is a signal prescat.

Any criterion A which maximlzes P (R) - B PR(A), i.e., an opti-
mz criterion of the first type.

Any eriterion A for which Py(A) S k) and Py (A). is meximen, i.0.,
an optizum criterion of the“'second type.

The event "Tho oporator says therc is noiso alwe."

A parsmateor doscribing the ability of a receiver to detect sigmala.
{See Soction 5.1 and Fig. 5.1.)

The sipnal enerpy.
Tho n-dimensional Euclidoan space.
The probability density for points x in R 1f thers is noise slme.

Tg;ogrobabnity denaity for points x in R if thore is signal plus
nolse,

The cceplementary distribution function for likelihood ratio 1P
there is noisc alone, i.e., Fn(m is the probability that the
likelihood ratio will be greater than B if there 13 nolso alone.

The ceoplomentary ddstribution function for likelihood ratio if
there is simnl plus noise,

A 87rhol used primerily for the upper bound placed on falso alarm

protobility Pu(A) in the dofinition of the socond kind of optimm
criterion.

Lo (X
The 1i%elihood raiio for the receiver input x. Z{x) = ""(Tf? i ) .

The dimension of the apace of receivar imputs. n = T .
The event "There is noise aloms,” or the noise power.
The noiso povor per wnit bandvidth. K, = .

The probatility that the operator will say there is sigmal pluws
nolgse if there iu noise alome, 1.c., the false alarm probelnility.
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The probebility that the oparator will cay there is signal plus

PyA)
s nolso if there is sizml plus nolss, l.e., the prodability of
detoctiome.
T (=) The & poslerlori probebility that thore is signal plus notee
propeat.  (Seo Sectiona 1 3 and 2.%.)
P5(5) Tho volability measuro definod on I for tho set of expocted

the space of o1l receivar inguts. (The set of all nossible sig-

R
pls is the sams space.)

s A signnl s{t), viich may alao be consldered as a point s in R
with coordinatos (al, By ¢ 0 =2 8,)e

Sx Tho event “Thore is sigml pius noiso.”

t Time.

z The duration of the chserwation.

v The bandwidth of the vecatver iuputs,

x A receiver input x(t), vhich may 8100 bo considered 28 a point x
In R with coordirates (X,y Xoy « < ¢4 %)

8 A symbol usually used for the likelihood ratio lovel of an optimm
critexion.

Hox(z) The moan of the random variable z if thers is simm) plug noise.

pxlz) The psan of tho rendom wariable z 1f thoro is noise alone,

"'32(’) The variance of the random variablo z 1T thers is nofce almme,

oy The varfance of 1ikelihood rutio 1f thore is noise alone.

Note: The terms "normal distridutica® and "Geussion distribution™ bawe becn

uged interchangcably in this reporte
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