
NAVORD REPORT   2772 

AN ANALYSIS OF EDDY CURRENT LOSS IN LAMINATED CORE MATERIAL 

2 JUNE !953 

^^SPc. s. MVAI mmrnt® LAMMTOY 
WHITE OAK, MARYLAND 



NAVORD Report 2772 

AM ANALYSIS «3P EDDY CURRENT LOSS IK LAMINATED CORE MATERIAL 

Prepared bj: 
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ABSTRACT: The eddy current loss In a laminated., constant 
permeability (i.e. non-ferromagnetic) core material Is 
derived rigorously starting with Maxwell's equations. By 
comparing the resultB of thi3 rigorcuo derivation with the 
expression cojnraonly given in the literature, the limitation:; 
of tne popular expression become immediately apparent.  It 
is also emphasised chat neither the popular* nor the rigorcu;; 
renults can be applied properly to the ferromagnetic ca3e, 
although such an application is comiiionly referred to in the 
literature. 
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AN IKNALYSIS OF EDDY CURRENT LOSS IN LAMINATED CORE MATERIAL 

INTRODUCTION 

1. The popular expression given in the literature (Refs. 1, 
2, 3) for the eddy current power I033 per unit volume £»t i«. w 
frequencies in ferromagnetic laminae ions which form the cor 2 
of a long solenoid or a toroid is 

.3   |2 
2a £KTraB*f <A o-., (1 

-. % 

th^ definition of the symbols will be given in the text o:n 

thi3 report. This expression is derived eGcenutally by 
finding the average effective current density f^om the 
assurapticn of an average effective magnetic field, The line 
integral of the electric intensity vector about a chosen 
area set equal to the time rate of change of the flux pasuing 
through the; area, plus the use of Oijn's law, enables one to 
find the average effective current density.  Squaring thin 
current density and dividing by the conductivity yields tho 
power loss expression given above. 

2.  A more rigorous solution to the edd"" current power Ions 
problem for a non-ferromagnetic -:   _• constant permeability 
can be obtained by solving Maxwci e equations. This solution 
for the power loss per unit volume obtained by this method, 
and derived in detail below, is 

1 IzlK^BM'MV    for-   ^-TrdV^f  <3    (TrX V       o i -' (II) 

Oth e.1 

3„ The following material in this report contains a derlva 
tion of che eddy current power loos por unit volume, as 
given by the above expressions for a laminated core having 

I       constant permeability and negligible hysteresis effects. 
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FORMULATION OP THE  PARTIAL DIFFERENTIAL EQUATION 

*r.     The  variables assoclatad with an electro magnetic field 
in any  lamination of dimensions  large compared to atomic 
dimensions must satisfy the following two Maxwell's equations 

S7Kh  ~ " w (Rationalised K»K.&.   Units)     {]) 

'7 * H * U*'"" ??f (Rationalised M.K.S.  Units)     (2) % 

here S «= elictric   intern.l;y vector 
D *= electric displacemenc vector 
B = magnetic  induction vector 
H - magnetic  intensity vector 
J = current density vector 

If  we assume that 

wne L*e 

Km = the permeability 
JJI. = '+F x 10-7 henry/meter 
a° = specific conductivity 
I    = D/E » Ke £» 

f'r,. = dielectric constant 
:1 ••= 8.85 x 10~Vc- 4*raer./iY>fc*cv 

Ojj = Angular frequency •» 2*/ 

s quit Ions   (l) and  (2) can be combined by use of   O) avid  (.5. 
to £ive  the partial differential equation- 

For frequencies at which  Z5*/tj$ * > fe    equation  (5) becomes 

or 
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This equation  In e.m.u.   is 

JSL t    . v U-'nro-yxsft; (8) 
To obtain the boundary conditions let us fi.rst inspect fig- 
ure 1 which is a sketch of part of an infinite solenoid 
having; a square cross section and containing thin rectangular 
laminations which have their longitudinal axes parallel ;<: 
the axis of the solenoid.  If a line Integral of the mag ie c ic 
intensity is taken around the path a b c d a, which is ii a 
plane that lies between the laminar.ions, we see that just 
the line integral from a to b is of importance since the 
magnetic Intensity is perpendicular to paths ad and be and 
the magnitude of the field outside of the solenoid is ze:7C. 
Because or  symmetry, the field at any point along ab Is con- 
stant and its magnitude is determined by the total current 
passing through the area abed. For low frequencies at which 
displacement currents between the lamlnatbns are negliglbls, 
the current passing through the area is Nl where N is the 

t number of turns enclosed by area abed and 1 is the instantan- 
eous value of current passing through the wire. Hence froa 
Ampere's circuital law in rationalized M.K.S. units we get 
for the magnetic field intensity Ha between the laminations 

i Wru 
where /)  is the number of turns per unit length of the sole- 
noid. Becauoe the fi?ld at any point is determined solely 
by ~">-i , the boundary condition for (7) is that the instan- 
taneous /alue of the magnetic intensity at any point on the 
boundary of any lamination is the r.am? as that at any other 
boundary point and is given by (9). 

5„ Figure 2 is a sketch of a section of one lamination.  The 
origin of the coordinates is chosen so that the plane y ~- D 
lies midway between the two largest parallel surfaces of tne 
lamination or, in other words, there surfaces are at y = 
+ T where T is the half thickness of the lamination.  If tne 
"% axis of the lamination is parallel to the solenoid axis, 
the magnetic Intensity will have only a 2 component.  The 
penetration of magnetic intensity into the lamination to 
points not too close to x » + W will come mostly from the 
y = + T surfaces because of *" <? the shorter penetrating 
distances Involved. From (2), 

fes. 
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Consequently,   if the   lamination  u'aickne^s  Is small compared 
to the  width,   the  secon-l term of  the right side of   (10) 
becomes relatively small compared to the first  term for mc:v, 
poln.r   in Jnc  lamination.     Me nee,   '<h<   current density essen- 
tially has   just an  "X" component  except  near the edges, 
X «=• 4 W/c,  l\nd the current path Jor constant denuity amplitude 
wiH"~Iook something like that shown   Ln figure  2.     Anothee 
consequence of the   Intensity beinx principally a function 
of y  is  that the  Laplacian of  the  inv»nolty of   (7) becomes 
approximately 

Since  the magnetic  intensity at points   inside  of a  la.niru:.; !/.a 
is a complex function of y and since  the magnetic   intensity 
penetrates  the  lamination frcm both (.idea   (y « + T)   in a 
similar mr.nne~,. o<l*/)y at y » o mua': either b•» zero,   lnfinit.y 
or discontinuous,     t"owever,i\\J&ualso gives  tha magnitude of 
the  current density so  that  the condition that a^ees  with 
the  physical case   is  that 

ar, y = o.    This  13  th:  second condition that the solution of 
(7) muiit  satisfy. 

SOLUTION  OF THE  PARTIAL mK-'SREKTIAL EQUATION 

6«     The solution of   (11) ifhich satisfies  the required condi- 
tions can be found by the  USJUII separatlon-of-variables 
method if \x is constant and a sinusoidal current is passed 
through the windings.     Such a eolation  Is of the form 

Ht* A(e + e   )t   -2.Acosh^ye    (i2} 

t 

i 

| where        ^ B ^Jc^ ,| + A 

taw 

If we  t&ke  the derivative  of Ht    with respect  uo y wc  see 
that   dH%wo   AT y*r>: Av'y^irT H* * Hfi o^ FROM (a ) 
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and K   _.        H I ._ (!•:) 
OJ shoCP 

where   1  is  the amplitude of  the uinuKDidal current p'.B3inii 
thro.vgh the-- winding.    The complete cpproxiinate solution of 
(7)  for   the  case  of  laminations of  thickness  small comparod 
to  ti a width   la  then 

• i. 

\A t = nl ssto* eA (i5) 

Th;-> real teBt of this solution iti th&t we should be abli to 
find the current density by two different v/ays from Maxvell's 
equations.  The first method used (l), O) and (5) ay fcllovs: 

V * £ » -K ^L« B - 3f , _K ^v n I cosUy 1^ 

we :;c.n also find J by using juat (2), ie, 

(17) 

Th£ identity of (16) and (17) chows that, (is) ia the correct 
solution of the problem under the assumptions involved. 
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IMPEDANCE OF A TOROID CONTAINING A LAMINATED CORE 

f,     If the cross section of the winding of a toroid is 5av3.ll 
compared to the larg? radius, tha field distribution can >? 
considered to be the same as that in a long solenoid and 
expression {Vj)  may be employed for a toroid containing 
laminations of thickness small compared to their width. 
Using (15) the flu* $' contained in one lamination of a 
toroid is +T 

?<>'< JbAo - |XW JHdy, lt^le
r TAM!A*T (18) 

The flux (J)M in all the lamina:ions (for laminations of equal 
dimensions and properties) Is 

A". ivnjXInl   f yAM^o(7 (19) 

where? m i3 the total number of laminations. 

The coxblned cross section area of che lamination plus the 
lealcage area Ap equals the cross section area A

1 of the 
winding, i.e. 

A'rZr^TW vA,* l(A V(^KVA* 

where K is a constant defined as 

(20) 

Y  « Total Lamination Area     _^      2»?VTW ^ 
T?tai Cross Section Area of wTnolng "  J~,    " **-> 

Prom (15) the total flux $ in the toroid is then 

^T (22) 
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If the D.'J. toroid resistance is negligible, the voltage 
drop v ac.i.'(j3£ the tor old le 

• *N ft 'Mr1* ^^^('"^A'NnJyJ^ (2,) 
The air core induetance Lo of the toroid le 

U*^MA» (24) 

with which (2_?) can be written do 

\ *<.r 
1-K .ju-Ule 

(25) 

i 

i 

For high permeability laminations or for K = 1 

LKTA^MT        (< 
CAT 

and the expression for the voltage across the toroid 
becomes 

v» \^L0(k^if<f]| >* 
(26) 

Because o(. is complex we will expres.3 (c;6) in a more significant 
form as 

^f    j£.*U4Y-»-coa$T 

where ^VT^> 

le /^^wUr^^f(27) 

1 

^r *.n e.m u„ is 
» \2. 

^5Y2K^L.cosUl-^T  (J /^•^J,,,w,,f (26) 

8 

1 
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where H\\ Ve^cr^ur 

t 

The  Inpu.Jxnce Z of  !;he   torold  in M»K.St   unite and e.m.Uc 
13, respectively, , 

C.<«jc-.) * 
\r..M> Kv.u?!. 

•j 

67 J.. 

 j 

• (tw\vi)'   \. i"'y        } c^' J'ii'-w<\sJ[ i 
/ -,»N —j—. -r  .     . 

The resiasance and inductive reactarce cf she torold are, 
of course, the real and imaginary parts, respectively, of 
the above expressions R.nri i?of.l: are funccio.is of the fre- 
quency, permeability, conductivity r,nd lamination thicknsss. 
If ue call the real part of (29) or (^0) Re, the effective 
res/.stars*, and the imaginary part vol.*., the effective 
inductive reactance, the effective impedance is 

RtJ-^u»Lc (31) 

This effective Impedance is equivalent to chat obtained by 
Y...   If  Scost (Ref. 4). The total impedance ^T of the 
torold 13 equivalent to (21) In series with the d,c. resis- 
tance R^c r?f the torold winding or 

t,     It na:i desired to experimental ?.y check (29) and (30) 
*ith a laiaiuated core of constant permeability and no 
hysteresis effect which means that such a core would have 
to be non-ferromagnetic. An experimental check on the 
sbove e::p'ese'onB should be performed on laminations whir: 
have s.  thlclcress small compared to the lamination width. 

«        The torolds that could be made at the Naval Ordnance Laboratory, 
which v:ouid not Involve an excessive amount; of expense„ 
iratorl&l and time, would require a lamination of a maxl&iun 
thickness of about 25 aiils in order that the  arisuapuiong 
mad« in the above expressions approximately represent th* 
actual physical case. However, If R copper, aluainua, a? 

t 
i 9 

« 

| 
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other readily   '.variable non-f erromagnetlc materials of cor - 
staat  perneability   (i,e.   u. = l) were uaed for  lamlnatl.cn!;.. 
the   low pertr.eaDility characteristic  of these materials would 
cause relatively small eddy current   losses as compared to 
those   induced  In high permeability ferromagnetic material 
even though the  conductivity of  the  fomer might be  sever*.I 
tim-o  greater  than the  latter.     Because of the small  eddy 
curent  effect encountered  by using non-ferromagnetic   la.*!?, i- 
atiins  of reasonable  thicknesses  or should we  say,   "thin-- 
nrs^es^    changes  in the resistance and  inductance would  be- 
dlfficulr.  to detect at frequencies   low enough JO that cap'.:! .ty 
effects would not be  introduced to complicate Dattore..    Coise- 
qjently,  t.  toroid tfith a solid circular core ••.T.S construet i3 
to experimentally check the following theory. 

/ 
IKPEUNCE  OF A TORPID HAVING A  SOLID ROUND COPPER COI-Ji 

9.     If R  ?s   the cros3-3ection radii.v. of the  solid toroid 
core and r   13   ihe  distance   from the   core center,  the fielc 
distribution  in the core will bocoo-e equivalent   to that  in 
a core  of   infinite   length and of  the same  radius R and core 
nuterial  if  the radius of  the  to. old  is   large coraparsd to 
tic   cros3-sect Lon radius.     If  the £*.ls of  the   long cylindrical 
core   lias along the 7, axis,   th*~  field will be   independent  of 

i S and  the  Lap lac Ian of   (8)  beccr.es equal to 
» 

t 

The  separation of variables method gives Be3sel'3 differsr :lal 
equation 

I T~l r r W + 

where R^is the expression for the field as a function of 
r and C r-;e>i'A  (3J!) has the solution 

,3  T t, H-^Hoe  JoCcr) 

(3!)) 

and (25) represents an infinite series of the iorm 

10 

! 
- •-» 
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H = H 
22" 

C <r' 
€,  6 

C f 

A-' •   * KA' •) 

fie -w       9     -    e 

A. 

\ 

^ 
SO 

/... •»• \ 

where fc ss«g j^v The field Hi? at  the boundary of r = R is 

Li    . n       P        _.~   H    ^ T5, 

(37) 

a-ic. consequently Q\ and ^> ere  the.bsj' and-wi functions of 
$$^, respectively„     Heiaee 4. ..8 

n 5*353^ \y^m 2W% 

Tlie flux cb  therefore  is 

wner-e 
S 

"     rftif fe ?W :Oe£ 

~w 1 

11 
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v   2~fc-^ElT  \o-?(in i'^e^iy ^r\o\y 

4'd   ^ c ^!)   !£•£ (si)   JCvC (•';       (40) 

The voltage v across the torold Is 

, M~~^f ^ |<x<5+$*-*it*v«^)I (.n) 
and the effective resistance Lg ar.d inductance L* of the 
toroid with no leakage space between the core ana the winding 

But if there is leakage space and the ratio of the cro3S- 
seciion of the solid core to the cross section of the wlnt.lng 
Is called K, then the effective resistance Re and effective 
Inductance 1^ are 

Figure 3 shows the theoretical and experiments1 values of 
the effective resistance and inductance of a torold about 
12 inches in diameter with a 1/2" diameter solid annealed 
copper core having bxi  assumed conductivity cf .591 X 10" 
mho3/cra. 

9» The observed and calcu?.ated values of the effective 
inductance come within 5$ of each other while the observed 

I 12 
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and calculated resistance agree to within \yf>  except at 
212 C.P.3. point, at which frequency the bridge employed 
dC'C^j nut give the most accurate experimental measurement*. 
These results are in fa^r agreement If we remember that the 
conci'ictivi ty of copper was assumed to be that given In the 
Physics Kandbook and that all of ths flux was assumed to 
lie within the toroiu v/lnding. The purpose of the work 
connected with figure J>  was to show that the absolute values 
of inductance and resistance can be accurately calculated 
If the  cere permeability is constant and if there is no 
hysteresis efi'ect present. We shall now continue with {?.J) 
ard (2$>) to find the expression for the Epstein test power 
less per utilt volume of core riaterial of thin laminations 
having a permeability which is assumed to be constant 
throughout the core, 

POWLR LOSS IN NON-FERROMAGNETIC LAMINATED CORES 

11=  Neglecting the d.c. winding resistance, the power loss 
P of the torold is 

\J   T 
i V* —-~ cose (45 i 

Z i 
where V^r, and ta are the amplitudes of the voltage and current, 
respectively, and G is the phase an,sle between the voltage 
and currant,. Prom (2S), \j     »n Q ff.  )jt, jg 

V  s? v% ft*A^L- t*&hd''r- cos6\\) 

y 

(46) 

By substitution of L-. obtained from (46), ('i-5) becomess 

M 
P^  XzzJLL—   f r~rrr—rT^I cos© 

(^7) 

" "I*-* ~ i'f\vn c-    —«n •. -x,—.—w»»«» • -J^"-****^... _^^>. r». ^    ^_ ,,       • i  •••nil ~y%   »       ' 

I •    -.       "'    '»» 
it*. 

i 
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and by simplification 

4 K p«-' L, I CO * ^> cJ T - coSO *T 
P* 'ik£T.- 

(*.9) 

For torolclB having K « >. or for cores In which the permeabll- 
iW Is very much greater than 1, tbe "effective" Induction 
Bra la defined as the maximum amplitude of the Einusoldally 
varying flux divided by the core cross-sectional area and L3 
given oy the relations 

t* 

(50) 

where \ and K wert previewsly defined by (20) and (21)c 
The expression for the power less In terms of USE is then 

p^ ^l^EL6l£l ^bilr^i^ I 
V 

(51) veVT f> is!?   ',cosH 4 T- coso"*TJ 
where f.   is the mean magnetic le,ngth of the toroid. 
Dividing both side3 of ^51) by Al, the expression we obtali 
for the power loss per unit volume or' a core material is 

TTT — --•-• — - 

i 
(52) 

Figure 4 shows (Sl^^^T- ^nS'j)/(f^^ '**  CC&° 0 

plotted as a function of 5 T * ^fenv**^^*'^* which may be 
approximated by drawing twe Btralght lines which intersect 
at<)'i>3« Consequently, for S'T^^ 

15 

\ 
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and for    (5<T>3 

"   '   • (5*) 
CO^t^ T- ^OS^'T 

This may be summarized in e.m.u. ar follows: 

whare the  lamirttion thickness  d = 2T 

IT 

(55) 

^ 4|/4 (:>6) 
12.    Bozorth  (Ref.   l) gives for the power loss 

(37) 
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It should be pointed out that B of (57) Is not the same a3 
t      W  of (58).  In (57), B is the induction when ?l£t&  pene- 

tration is complete and hence 13 the same as our R^, in (55) 
so that these two expressions agree<>  In (58), B'is the 
maximum effective induction at the edge of the sheet and 
i3 defined as ^k'Hb where pt is the effective permeability 
aid *i, Is the amplitude of the sinusoidal field at the 
lamination boundary. However, our B*.l8 defined as the 
effective induction obtained by averaging the maximum 
amplitude of the induction over the area of the sheet and 
hence can be expected to be different from &" .  In fact, 
Bozorth shows that if fA   it> the actual value of the coneta.it 
permeability, then when $ is large {?* . >^5  UL 

anc j/*Hi. This leads at once to f^^z.yfo  l*' Mb ''• V^2. S 

so that (56) immediately reduces to (58) as it should* 
Also, inspection of figure 4 shows that the critical value 
of $ can be more definitely specified than thoBe of (57) 
and (58). 

CONCLUSION 
• 

13o  We have seen how (55) and (56) are derived by assuming 
the laminated core material to have a constant permeability 
Further eddy current analysis was attempted for a hypothetical 
core material having a variable permeability with no hyster- 
esis effect. A simple relation was assumed for a variable 
permeability i.e., p.®*|H (this is roughly true for some 
materials at the lower portion of the magnetization curve). 
However, no solution was obtained because of the complexity 
of the partial differential equation and the boundary con- 
ditions to be satisfied.  It is doubtful that its solution 
for the power loss, If possible, would be squal to (5$) 
and (56). By this reasoning it is concluded that (55)  and 
(56) are intended for non-ferromagnetic materials and if 
they are applied to calculate the power loss in laminated 
ferromagnetic cores, an anomaly will result. 
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