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Asymptotic solutions of ordinary linear difterential equations show
peculiarities in the acighborhood of certain exceptional points, called
transition or (urning peints. Ir. the case of a real independent variable,
the typical behavior is a cliange from oscillatory to monotonic solutions
ssthe independent variable passes ~hroughaturning point. The classical
theory of asymprotic solutions breaks down in the neighborhood <f such a
point, and special investigations are required.

In the present report, papers dealing with this situation are listed
alphabetically, together with a brief description of their contribution to
the subject of this swrvey. Basically, only mathematical papers have
been listed, but a few exceptions occur. The early papers on the Y K B.
method have been included for historical reasons evern though they do
not contain a mathematical theory. Certain papers on physical problems
were included because in rome way they contributed to the math~maticai
theoty. Papers on special functions were included if their results were
derived from the differential equation. There is a large number of papers
in which the behavior of special functions in the neighbothood of a trans-
ition point is investigated by means of the method of steepest descent
applied to their integral representetions, or by means of some octher
method which is not based on the differential equation. Such papers
have been excluded from the present survey.

Most of the papers listed here dee! with diffetential equations of the
second order. Very little work has been done con differential equations of
higher order, or on systems of differential equations of the first ocder
with turning points; a few papers whose methods or results seem to offer
a good starting point for further research in these directions have been
included.

Efforts will be made to keep this bibliography up to date. Corrections
and additions will be welcome.
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Briliouin, L. Remarques swr la Mecanigue Ondulatofre. ). Phys. Radium
2, 353-368 (1926).
The suthor obtains a formal solution of the 3 dimensional Schrddinger
equarion as the exponential of a8 power series in A. Phase integral coa-
ditions are also obtained.

Cashwell, E. D. The asymptotic solutious of am ordinary differential
equation ia witich the coefficient of ‘he parameter is singulsr. Pacific
J. Mach. 1, 337-353 (1951)% Math. Rev. 13, 46i (1932).
The differential equation
w ' (s)-[2%a(s) + r(A8)jwis) =0
is studied, where r{A, s) has a pole of order one or two at $,,Ais8
lasge complex parameter, and o(s) » (s = s )7 Y (s), y(s) being a single
valued aza!ycic function bounded away from zero. The author considers
the normal feem

2 1 A
. () - |"’ i A X(p.x)] wle) w0,

. i?
where X(z) is analytic and ¢¥(z) is analytic and non-vanishing. Asym-
ptotic forine =f the solitions velid in certain regions of (A, z) space are
obtained in terms of the elementary functions by means of a related
equaction. In this connection sce Langer, Trans. Amer. Math. Soc. 37,
397-416 (1933).

Cherry, T. M. Uniform asymptolic expansions. . London Math. Soc. 24,
121-130 (1949): Math. Rev. 11, 34, (1950).

The author obtains uniform approximations to Jv(x) to an arbicrarily
high order in v~' for a range of the argument x which includes the trans-
ition point and is independent of v. The method is one of comparison with
the Airy equation by means of an integral equation.
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Chetry, T. M. Uniform aaymptotic formulae for fuctionsy with Ua <ition
poinds. Truns. Amec. Nath. Soc. 68, 224-257 (10%0); Math, Rev. 11,
S%o (1930)‘

Differential equations of the form

2
(% —{—Z— vyl-viz e glz, v -0,
dz2?

where v is a lacge complex parameter and g (3, &) is ansly:ic in both
variables und is also regular at 2 @ 0, w = 0 are studied. Approximations
v hose error is O(v™*), uniformly for z in a closed region having the
point 2 = 0 in its interior, are obtained by transforming the Airy equation
into an 2quation apporimately the same as (®) and then comparing bv
means of an integral equation. Applications to Bessel and hypergeomeeric
functions are given.

Cherry, T. M. Axymplotic expansions [or be hypergeomelric fumctions
occurring in gas-flow theory. Proc. Roy. Soc. London Ser. A. 202,
$07+-522 (1950); Math, Rev. 12, 257 (1951).

The equation
1

? A 2
o S (e ) L [ e [ oo
drt S dr 2:(1-1) 4s?
where 0 <7 <1 and v is large and complex is considered. The coefficient
of y in (*)has a simple zeto at r_ = 1/(1 + 28). Non uniform asympeotic
approximations to the solutions in terms of the elementary functions are
obtained near r . Uniform asymptotic formulas involving Bessel functions
are obtained by application of Chery, Trans. Amer. Math. Snc. 68, 224

(1950).

Goldstein, S. Anote oncertain approximate solutions of linear differential
equations of the second order with an applicatica to the Mathieu
equation. Proc. London Madh. Soc. (2) 28, 81-90 (1928).

This paper extends the results of Jeffreys Proc. London Math. Soc.
23, p. 428, to the case in which X(x) has » zero of any order at x = 0.
Formulas connecting the asympeotic forms on each side of x = 0 are
obtained by using the asymptciic expansions of bessel functions.

e

A correction of en error in this paper is given in Proc. London Math.

Soc. 2%, p. 246.
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Goldstein, 8. A note on certain apgroximate solutions of !inear differ-
2utial equations of the necond order. P:ro:. London Math. Soc. (2) 33,
246G+~ 252 (1932).

The author considers the equation
d?,
dx?

(h'x°+hx|)y-0-

where Xo(x) has a double zero at the ongin, and A is recal and large.
Connections between the asymptotic {orms of the solutions on each side
of x = 0 are established by means of the asympeotic representations of
the parabolic cylinder functions D _(z).

Imai, Isao On a refinemert of the W .K.B. method. Physical Rev, (2) 74,
112 (1948); Math. Rev, 10, 4] (1949).

The author studies che differential equation
' +k'Pk)®~0,

where x is real, &k is real and large, and P (x) has a simple zero on che
intervai considered. An ingenious change of independent variable is
used to oleain an improved approximate solution in the neighborhood of
the zero of P (x).

Jelfreys, harold, Oe certain approximate solutions of Iiness differential
equations of lhe s2cond uider. Proc. London Math. Soc. (2) 23,
428-436 (1924-25).

The author considers the equation

dly

dx?

A*X(x)y =0,

whetc x is real, A is real and large, and X(x) has a simple zero at x .
Formulas connecting the asymprotic forms on each side of x ,are obtained
by means of the ssvmptotic expansions of ']m(") for large x.

Jeffreys, Harold. Axymptotic solutions of linesr differentia) equations.
Philos. Mag. (7) 33, 451-456 (1942); Math. Rev. 4, 43 (1943).

The author considers the following differential equation
dly

?—U’XOAth‘-&x,)y-O,
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where X (x) has & simple zero ut = = 0, Formulas connecting the asym-
ptotiz forms on cach side of x = O are obtained with the aid of Airy
functions.

Keller, H. B. and J. B, Keller. O ay=tem3 of liresr ordinary difforestial
equatione. New York Univeraity, Jushington Square College Mathe-
mazics Research Group Research Report No. EM=33 (1951); Math, Rev,
13, 346 (1952)

The zystem considered is

d
-7::(-‘-)-4(:)!(:).

whete A (z) is & square mawix, u(z2) & column vector, z ranzes either over
a real interval or a region in the complex plane. In domszins in which 4 (2)
can be diagonalized, the Peano-Baker solution (matrizant) may be re-
arranged so as to form a rapidly convergent series. If A(z) = k4 (2)
where k is a large parameter, this rearranged series may be converted into
an asymptotic expansion (for large k) whose first rerm is the W.K.B.
eppeoximeticn. Turning points occur where the diagonal form of A breaks
down. No uniform approximations are obtained for the neighbothood of
such points. In the real case, connection formulas are derived by using
the original Peano-Baker form in the neighborhood of a turning point and
the modified formulas outside.

KXemble, Edwin C. A coatribution to the theory of the W..X.B. method.
Physical Rev. 48, 549-56]1 (1935); Fundameatal Principies of Quantom
Mechanics., McGraw Hill (1937).

Zwaan's scheme for deriving the connection formulax ut the transition
point of

u" + A2 ¢ua=0
isputona rigorous basis by considering the differential equations govern-
ing the variation in the coefficient during the fitting process.

Xramers, H. A. Wellenmechanik und balbzahlige Qnantisierumg. Z.
Physik 39, 828-840 (192(¢).
The differential equation
., 2
¢ + ‘;“ y¢=0,

where y = y(x) = 2m {E_ - Vx)] is positive for x; < x < x, und negative
elsewhere, is studied. Asymptotic forms of the solutions, valid for x <x,,




¥, <x <x, and x > ¥, arc obtained in a hewiatic manner by comparison
with the Airy equation. The phase integra! condition is also obtained.

Kumar Saha, Ajit. The transinission factors of polential barriers. Pinc.
Neot, Inst. Sci. India 10, 373-38% (124$4); Math, Rev. 9, 436 (1948).

The differential equation studied is

X2 ! '
- ¢ m [;:-v-(“” i_]x-o,

4t R T Im

the coefficient of X being zero at two vaiues of r and negative in between,
Connection formulas which asscciate the asymprotic representntions of
(*) away from the transition points are obtain-d. The author develops
the method of Langer for deriving these formulzs and the results are com-
pared with less satisfactory methods by Gamow, Somn.erfeld and Bethe.

Laager, Rudolph E. On the ssymplotic solutions of ordinary differeatial
eqamtions, with aa application to the Bessel functions of large order.
Trans. Amer. Math. Soc. 33, 23-64 (1931).

The differential equation studied is

dlu dy
(*) e b (p'e? +@lu =0,

where p is a complex paramerer, p, ¢, ¢ are funcrions of x defined on an
interval Iwhich may be infinite, ¢ (x) has a zero at x, of order v, and
the function (x -=x )" ¢2(x) 13 twice continuously differentiableand is
real and positive apart from a constent complex factor. Asymptotic forms
of the solutions are obtained by compasing {*) with a related equation
whose solutions involve Bessel functions. As an application formulas
are obesined for J, ¥, H,, with arguments psecha an! puech i for all
teal a and B and iarge positive p.

Langer. Rudolph E. On the asympintic solutions of difierential equations
with an applicatioa to the Bessel functions of Iage complez order.
Trans, Amer. Math. Soc. 3¢, 447-480 (1932).

This paper is an extension of the results of Langer, Trans. Ame:.
Math. Soc. 23, 23 (1931). The equation considered is
d? d
-F:» + p(x)% +[p?22) 4 g(2)] yl2z) = 0,

where z is a complex variable ranging over a simply connected region R
of the complex plane, p is a complex parameter, and ¢*(z) = 2V 4l (2),

v— e —— —————— & o

- —— — o



-n

9

it being assumed that the origin lies in R , v is a real non-negative
number, @' (z) is an anclytic function on R, end |¢,(z){>4>00n R, .

As an application the amhor obtains asymptotic formulas for Besse!
functions of large complex ordet and szgument.

Langer, Rudolph E.. The asympticatic solutions of certain linesw ordimery
differential equations of the secomd arder. Trans. Amer. Math. Soc.
36, 90-106 (1934).

The differential equation

d’
d_s; -[A2 9o(s)+ Aq,(s)+ q,(a Mae=0

is studied in a region of the s plane in which q,(s) has a second order
zero, the complex parameter A being taken as large. Aaymptoric forms of
the solutions and connection formulas are obtained by comparison with
the confluent hypergeomerric function H‘.' .

Langer, Rudolph E. The solutions of the Mathiew equation with a com-
plex varinbie gd at least one parameler large. Trans. Amer. Math.
Soc. 36, 637-69% (1934).

On the basis of his previous wock in Trans. Amer. Math. Soc. (1931,
1932, 1934), the author studies the Mathieu equation
dlu
dz?
where z is complex and A and () are real parametera, at least one of which
is large. The eaterior of a circle in the (], A) plane is divided into

sectors and for each sector the ssvmprctic forms of the solutions in
regions of the = plane are given. Connection formulas are also supplied.

+(A-Qcoa22)ue=0,

Langer, Rudolph E. The asymptotic solutions ¢f ordinary linear diler-
ential equations nf the asecond prder with special referemce to Lhe
Stokes’ phesomenon. Bull, Amer. Math. Soc. 40, 545-582 (1934).

This is a symposium lecture giving a general historical sketch of the

problem of finding azymptotic solutions of the differential equetion
dtu
— + (AT@"(2) = X )] = O,
dx

where ¢2(x) is first taken to be bounded away from zero and then is
permitted to have a zero of order v. References to the literature wre
given.

e
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Langer, Rudoiph E. On the asymplotic solutions of ordinary differeatial
equations, with reference to the Stokes' phenomenoa about s singuiar
point. Trans. Amer. Math, Soc. 37, 397416 (193%).

The difierential equation considered is
diwv

ds?

+(Ad(s)+ r(X s)w=0,

where A is a large complex paramerer, r(A, s) has a pole of order at most
two at S., and U(s) = (s =5 )Y &, (s) v>=2 with &,(s) a non-vanish-
ing single-valued analyti: function. The author zonsiders the noemal form

ks - [ p'é”(:)#

dz?

[} Al

2?

+X(p,:)] u-0,

where X is analytic and ¢ (2) = 2 W2 myltiplied by an analytic function
and . = 1/[2(s» : 2)). Asymprotic forms of the solution are obtained for
regions of (p, z) space viz Bessel functions.

Langer, Rudolph E. On the connection formulas and the solutions of the
wave eqmations. Physical Rev. 31, 669-076 (1937).

The author applies some of his previous results to the Schr8dinger
wave cquation.

Langer, Rudalph E. The asymplotic soiutions of ordinary limear differ-
ential equations of the second order, with special reference to a
tizning point. Trans. Amer. Math. Soc. 67, 4C1-490 (1949); Math. Rev.
11, 438 (1950).

Thke differential equation corsidered is
2
= Aq,(x)+ 2q,(x) + R(x, A))u =0,

dx?

(*)

whete R(x, A) = E ry(x}/k". 9,+ 9,, and ¢ each have derivatives of

vw o
all orders, A is large and complex, and ¢, (x) 1as a simple zero at the
origin end is real on the interval (a, 4). By mean: of Bessel's equation
and successive trensformations 2 sequence of approximating equations
with known solutions Is obtained. In this msnner asymptotic solutions
valid in a<x <b ase obrained, with an estimate of the etror being obcained
tiom 24 inlegial equation.

Langer, Rudoiph E. On the wasc equation with small giantum numbers.
Physical Rev. (2) 713, 1973-1578 (1949}; alath, Rev. 10: 710 (1040),
The author applies soine of his peevicus work to the ScheSdinger wave

cquation.

'
s S
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Langet, Rudolph E. Asymptotic solutions of s differential eguation in
the theary of =icromave propagation. Comm. Pure Appl. Math. 3,
427-438 (1950); Mach. Rev. 12, 828 (1951).

The author applies some of his previous work to a study of the equation
dlu
dh?

whete A it a comjiex parameter.

+h* A+ yW)]u=0,

Leavitt, William G. Os systems of linear differentia]l equations. Amer.
J. Nach. 73, 690696 (1951); Math. Rev. 13, 346 (1932).

The author considers the equaticn
U' =AM +P)U

over the complex plane, where A and P are 2 x 2maxicesand U is a 2-
vector. The equation is reduced to a canonical form in which

A [u w]
0 -4

and ¢ is either G or 1. Asymptotic solutions for large A are given when u
has one singie zero.

Lighthill, M. J. The hodograph (ransiurmation in t(rams-somic flow.
0. Auxiliary theorems on the hypergeometric fwmcucas ¢ (), Proc.
Roy.Soc.London Ser. A.191, 34}=35] (1947); Mach, Rev. 9, 350 (1948).

The authoc applies a method of Langer, Trans. Amer. Math. Soc.(1931)
to the following dilfereutial equation with transition point

v+ AR v.’a; +u'B(r)¢.-0.

Meksyn, D. Asympietic integrals of a fowth order differential ecuation
containing a large preameter. Proc. London Math. Soc. (2) 49, 436~
457 (1947); Mach. Rev. 8, 436 (1948).

The following differential equation is considered:
v 4 l-2a+idw - " + [a* - ira’(w=-c) =~ idw"] Y= 0,

where y is the independent variable, a® is a constant of order unity, A

is a large positive parameter, and w — ¢ is an even function of y defined
on the range =1 <y <) and having a sinple zeto at y,, 0 <y, <1l. Asym-
ptotic forms of the <olutions on each side of y  are obtained together
with connection formulas. The method is an extension of that of Jeffreys.
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Schwid, Nathan. The asymptotic lorms of the Hermi'e and Weber fwmc-
tions. Trans. Amer. Msath. Soc. 37, 339-362 (1935).

A symptotic forms of the solutions of

dl
—rd” @+ 1=-2Dwl)=0
P4

which are valid for large complex parameter x ani all complex values of z
are obeained. Asymptotic forms ofthe Hermite functiona are also obeained.
The method consists of an epplication of formulas of Langer.

Stefert, B. Zwr 2aymwpiotinchen Integration voru Differentiaigier-hungen.
Math. Z. 48, 173-192 (1$42); Math. Rev. 4, 276 (i943), "

The author considers the differential equation
dly

dx?
where x is real, the functions, p, q, r, are real valued, and ¢ (x) has a
simple zero at x,. Given the asymptotic behavior of a solution on one

side of x, , the author determines its behavior onthe other side by analytic
continuation. No resules in the ransition region are given.

d
+p(x)J: ~lpt gx) + rx)]y =0,

Sips, Robert. Reprdsentation asymptotique des (oactioas de Mathiew et
des [omctioas d'onde spheroidales. Trans. Amer. Math. Soc. 66, 93
134 (1949) Math, Rev. 11, 435 (1950).

The differential equations

2 2
( - Gt + (A-a—> =0 (Msathieu)
2w y e y P y

2! ‘ L ! (K !) 0 Spheroidal
- som— - FY - — -
y ay y (Sphetroidal)

are compared with n” + (n 4+ % - X a?) n = 0, and the 2quation

( a') . (l a , ( A a' m? "
2\c Y a 2 e 2 4 a° e

(Spheroidal)
is compared with

. 1 . a® m?
N +—n + mt2p+1—-‘-%-——l- n =0,

s e i
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Strutt, M. J. O. Cheracteristic cwrves of Hill problems. K. The asym-
piotic fam of the curves. Nederl. Akad. Petensch. Verslagen, Afd.
Natuurkunde 32, 212-222 (1943); Math. Rev. 7, 160 (1546).

The differential equation considered is
dlw

ds?

+lol)e Ae yp2)]wa0

where z is real, (|A] + |y]) ¢* is large, p(2) 3nd q(2) are petiodic with
period {,and p(z2) + A + y¢p(s) haz :=o simple zeros in t,<s<z,+ ¢,

Aaympeoiic formulas for the solutions are obtained by an application of
Langer, Trans. Amer. Math. Soc.(1934) and Bull. Amer. Math. Soc.(1934).

Taylor, W. C. A complete oel of azymptotic formulas [or the Whittaker
function and the Laguerre polynomials. J. Nath. Physics 18, 34~49
(1939).

The author sppliea the methods of Langer, Trans. Amer. Mach. Soc.

(1931, 1932, 1935), to the equation

d*u ( 1k X- -')

+ ———¢ u=0,

dz? 4 3 z

where k, m, 2 are ccuplex, m is bounded, k + «, and 1 is unrestricted.

Tisman, R. Asymptotic {ormulas for special solwtions of (he hodegraph
emation in compressible flow. Nationaal Luchevaartlaboratorium,
Amstesdam, Repore F, 46, i+ 26 pp.(1949); Math. Rev. 10, 711 (1949).

The differential equation considered ia

d'v at-1 l1-¢/r (1-¢)(1+3r)
Y o LR | 1 s ‘.0'
(& drt [ 4 r2(1 -r)* 16(1 - ¢ r: ]

wheten is a patameter and r_ is a constant. The author adapes the method
of Langer, Trans. Amer. Math. Soc. 34, 441-480 (1932), and transforms
the problem of finding the solutions of (*) into s problem of solving a
certain intzgral equation. He thei. ~i'sins a convergent Neumann series
for the solutions, whicn {or large values of n leads to simple saympioiic
formulas for the solution. The formulas foi r <r are different from those
forr>r .

Tricomi, Francesco. Un noovo metodo di sludic delle equazioni differ-
enziall lineart, Univ. e Politecnico Torino Rend. Sem. Mac. 8, 7-19
(1949); Math. Rev. 11, 437 (1950).

I'his 1s an expository artizle devoted toa method of Fubini for solving
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equatinns of the form
y'  ep,(2)y’' +p,(x)y~A(x)y’ + Blx)y' + Cla)y,

where two independent golutions of the left hand side are knowa. The
method is one of reduction to two integral equaiions of the Volterra type
which cin be solved by successive approximations. If 4(x) =« O(+""),
BGY = C(x™") Clx) = O(v™"), r > 0, then this method gives asymptotic
forms for the Laguerre polynomials L _(x), m < w. The zeros of L (x}
are also considered.

Tricomi Framcesco. Sul comportameato asiatoticodell’ s- esimo polimomso
di Laguerre neil’ intorno dell’ ascissa 4. Comment. Math. Helv, 22,
150-167 (1949); Math. Rev. 18, 703 (1949).

The author apjlics the method of Fubini to the confluent bypergeo-
metriT equation

sy +lc~-x)y' -3y=0
to oteain the asymptotic behavior of the Laguerre polynomials L ‘:’(x) in

the vicinity of x wdm + 2(a+ 1) as m « e,

Tricomi, Framcesco. Salle funzioni di Besse] di ordise e wgomesto
preseoche ugeali. Acti Accad. Sci. Torino Cl. Sci. Fis. Mat. Naz. 83,
320 (1949); Math, Rev. 11, 594 (1950).

The following asymptotic representation is obeained

ad lve(Fe)'? 1= ($)774 ()
+ (107 [3rT 47 )+ 204 ,(]e O™V,

whete v is real and large, ¢ is zeal, 4 (1) is Airy’s function,

{32 !J_m[2(-§t)“] +d (2(40% 11,

A similar formula is obtained for Bessel's function of the second kind
and a discussion of the zeros of Besse!l fanctions of the first and second
kind is given. The method used is that of Fubini: see Tricomi, Rend.
Sem. Ma:. 8, 7-10 (1948).




13

Wasow, Woligang. On the anympiotic =olution of be differentiai ¢Juatios
Sor small distwbances in 3 laminar flow. Proc. Nat. Acad. Sci. U.S.A.
33, 232-234 (19547); Mach. Rev. 8, 144 (1948).

The differential equation

y ), i), .ﬁ (A'h, +a,)y™=0
- =0
is considered over sdomain in the complex plane in which the coefficients
are analytic and in which b, has a simple zero. The perameter A is taken
to be of constant argument. The author sets Qls) = j (-5, (x)]* dx and
divides a neighborhood of the zero of b, into three sectors by means of
the curves R{AQ(x)] = 0. He then states withour proof four theorems on
the asymptotic representation of solutions in these sectors.

Tazow, Wollgamg. A study of the solutinne of (he differential eguation
y‘9 4 Axy”. ¢ y) = O for large valmes of A. Ann. of Math. (2) 52,
350-361 (1950); Math, Rev. 12, 261 (1951).

The author considers the equation
y e At(xy® + )= 0,

where x is complex and A is large and real. Asymptotic forms of the
zolutions are found from integrul representations by the method of sicep-
est descent.

Wasow, Wolfgang. Asymplotic solstion of the differeatial equatios of
hkydrodynamic stabliity in a domain costaining a transitioa poimt.
National Bur.Standards,Report 1620 (Preprine) 63 pp. (1952)

The differential equation considered is

u(")+ i d‘(x)u“-"#k' é b..(x)u""]-o.

imy 1= 0

where x is complex, b (x) has one simple zero ac x = 0, b, (x) = O,
b,(0) £ 0. The awhor finds funciions asymptotic to a fundamental system
of solutions in a fixed neighborthood of x = 0 as A + . The method
resembles that of Langer. Use is made of the known asymptotic solurions
of y i 4 A2(zy" + y) = 0. The zxansformation between the two spaces of
solutions is not linear.

Wasow, Wolfgang. On the differential equation for the stability ¢! plane
Cogstte Now, National Rur. Seandards (working paper 1952).

The difterential equation studied is

w0 2a2u” s utu+ A2 - alu) =0,
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From the contour integral repee sencations of a fundemental set of solutions
(u (x, D)), the following results are obtained

{gi(x, A+ v x ia S, |§1>¢,>0
u.-

A A 1+0")) x4z § 1<,
whete { = Ax, S is & bounded neighbschosd of x = 0, and the functions

S,and A are well known. A similar discussion for the equation
e A" +4)=0

is given.

Weatzel, Gregor. Etme Veraligsmeincrumg der Quanieahedingunges fir
die Zwecke der Welleamechanfy. Z. Physik 38, 518-529 (1926).

A formal expansion in powers of A/2#i of the solution of the asso-
ciated Riccati equasion is used to obtain the eigenvalues of the Schréd-
inger equation.

Zwaas, A. Intessititen i= Ca. Fuskemspectrwm. Thesis - Utreche (1929).

The differential equation considered is

s’ +A1¢ (x)u =0,

where ¢? is assumsd to have a simple zero at the origin, is positive on
the positive real axiz, aad admits of an analytic approximation within a
suitable region of the complex plane containing the origin in its interior.
Fot laige negative values of x the following solution is obtained
c,e i« ¢, e

(*) afx)= oF + ¥ f')«fo’¢“-

Let I' denote a semi~circular arc with center at the origin and lying in
the upper half plane and such that at each point of I a representation of
the form {*) for the solution holds. By following the variations in (*) as
the arc I is traversed from the negative real axis to the positive real
axis asymptotic represencations of the solutions valid on the positive
side of the origin are obtained.

Langer, Bull. Amer. Math. Soc. 40, 562 (1934) and Kemble, Funda-
mental Principles of Quancum Mechanics, McGraw Hill (1937}, both
discuss this method.
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