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Timoshenko's theory of flexural motions in an elastic beam takes
into account both rotatory inertia and trunsverse shear deformation and,
accordingly, contains two dependent variables insiead of the one trans-
verse displacement of classical theory of flexure, For the case of forced
motions, the solution involves complications not usually encountered. The
difficulties may be surmounted in several ways, one of which is presented
in this paper. The method described makes use of the property of orthog-
onality of the principal modes of free vibration and uses the procedurs of
R. D. Mindlin and L. E. Goodmen in dealing with time-dependent boundary
conditions. Thus, the most general problem of forced motion is reduced to

a free vibration problem and a quadrature.
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Timoshenko's theory of flexural motions of elastic beams, in coatrast

to the elementary Bermoulli-Suler theory, allows for corrections for shear
deformation and rotatory inertia. Though derived more than 30 years ago (1)1,
and attracting the attention of many workers in the fiol.dz, no complete solu-
tion of the most general boundary value problea of a finite beam vith time-
dependent boundary conditiors of any adnissible combination, acted upon by
tire.dependent normal lcoads and bending momants with specified arbitrary initial
conditions, seems to have been developed to date.

A major difficulty in solving boundary value problems governed by Timo-
shenko-type (4), (5) equations, consists in finding a proper combination of
tvo (or more) "displacement" coamponents, vhich would exhibit the property of
orthiogonality. This property is essential in developing series solutions by
the classical (D. Bermoulli) method of separation of variables. In a recenot
paper (6) it was shown, by means of the example of a Timoshenxko-type theory

of longitudinal motions of rods, how this difficulty may be overcome by making

use of lagrange’s equations of motion,

An additional difficulty, typical of any vibreticn problam vith initial

and boundary conditions, arises vhen one or more boundary conditions are time-

dependent. In (6) it was dexonstrated, how this comolication may be removed

by solving, in certain cases, certain static problems.

1. Numbers in parentheses refer to the Bibliography at the end of the paper.

2, An account of the problem is given in the recent papers (2) and (3) and
in the bibliographies to these papers.
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In contrast to the procedure of (6), and as a countarpart of it, ve

attack here the general forced vibration protlem directly, without recourse

to lagrange's equations. Thereby, the time-dependency of the boundsry con-

ditions is dealt with, bv making use of the idea of (7).

Thus, the moat genernl touncary value protlem of a finite Timoshenko

beamy will be reduced to the solution of the corresponding free vibration

protlem and an integration,

-
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Timoshenko's theory of flexural motions of elastic beems is conteinsd’

v '".'Ov-v-c--\o-;-.qn!-hhwc'-’mnn“.mm.*‘.

in the equations of motion
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K(y-¥)G&/h+ /A = ¥
y (1]
Ew'/e+ k'(y-\)G/ert+ M ffA= T
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the stress-displscement relations
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M=-ETY'
Q=kK{y-v)AG
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the boundary conditions

S P

| 3, For derivation of thaose equations, consult, for example, (8). Mg ia

\ the net bending moment, per unit of length, along the besm, due tc the appli-
cation of shesr tractions on the cylindricsl surface of the beam. This moment

is usually omitted, and §s retained ir the present paper for the sake of con- :

pleteness.
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1. At each point alorg the length of the beam, one member of each of the

products yq, ani ‘;’”s must be specified. (1]
L

2. At each end of the ber, one member of each of the products y Q and *+M

must be specified,

-

O

t and the {nitial conditions
‘i The initial displacements and velncities must be specified. (4]
g J ' In (1] to [4] the symbols have the followirg meenings:
. 5 ; E Young's modulus
§ i G shear modulus
f : k' shear deflection cosfficient
:' Q mass density
’. Y trunsverse displacerernt of a cross-cectior
8 ¢ Y angle of rotatioon of a cross-section
: A area of the crosa-gection
I area mament of inertia of the cross-section .
‘ ‘ r cross-sectional radius of gyrstion, r‘=I/A ;
ll i G- net transverse load, per unit of length i
g Mg net (bending) moment, due to applied axial shears g
? M bending ma-ent i
: ¢ Q transverse shear 3
: Primes indicate differentistion with respect to x , the coordinate along the 31
E i centroidal axis of the beam, and dots indicate differentiation with respect :
" 3
; to time. 1
; As a convenience in specifying the boundary conditions, the following
notation wvill be employed: :
, B. =V or Q at x= 0O |
81=“f' or M at x= 0O 5
: B;=y or Q at x-= €
? ’ B, = Y or M at x=1¢ |
‘
o - [
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vhere € is the length of the beam.
Accordingly, the boundary conditions [3] become

B = f (t) t=1,2,3 4 (3]

in vhich the four functions f(t) are prescribed.
The initial conditions [4] are specified by four arbitrary functions

y (x,0) = ¥% (%)
L g (x, O) = N (x) (4]

Y (%X, 0) = Y% (%)
G (X, 00 = ¥, (%)

Eree Vidrations

As a preliminary to the study of forced vibrations, we shall be con~
cerned with the problem of free vibration, specified by the hamogeneous dif-

ferential equations of motion

K (y-%¥)es =y

EY¥'/s *k'(y'-‘f)G/S’rl = ¥ ()
and homogeneous boundary conditions
E% =0 e=12 3 4 (€]
Sy




= e

Considering solutions in the form

)/(x' t) = ‘{(x) smob

_ | (7]
W(X,L) = ‘P'(A) smabk

we may show that the equations of motion [5), topether with the boundary condi-
tions (6], are satisfied for an infinite set of discrete frequencies G, , each
of which corresponds to a mode shape given by functions Y:,(X) and Y., (x).

These modes are determined, except for a multiplylng factor, common to both '

functions, from the equations

GK (Y- \')--fai Y,

£ A r 8
EY K (Y )6s = - fol W o
or, because of [2], fran the equations
Q= -fAQ'Y,
(9]

_Mn’+Qn=—rIQ:\H

We proceed to formulate the property of orthogonality of the principal

————— D SRR B NS PREMANITES (5 ow e

modes of free vibration, usinp Rayleigh's method (9).
we multiply the first of 9] by Yw and the second of [9] by Y. ’

integrate over the length of the beam and obtain, after intepration by parts,

: /E /Pu 4 e
-)"A ©p | Y. Y, dx = | Q, Y., ofx = Q..‘l’.,,} _ {Q,,‘Y:n' o
o( oe | o o o
T @ [ e = [ (e @) ol
o o ]
-M *f(”n‘f’+on1{.,)dx 3
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(2]

Interchanging the subscripts m and n , a similar set of equations is obtained.

Adding the two equations of each set and subtracting the resulting first from

the resultirp second relationship, we find

e
f(o o) [(AYY. + T YL ) dx =

- ony,,]n Q,‘y;“)t mn‘}{"]e— Mm\yn]e

[o] o o

(1)

- e
) JP(”n‘f" - M E) dx ([ @ (Yo W) - Qu (V' - )] ol

~m
o

The integrated terms in [11] vanish because of (6] and the two integrande in

(11) vanish because of [2]. Thus, we obtain the formulation of the property

of orthogonality of the principal modes of free vibration

(Y T ) o = 0 (22)
{ ( n “m r n m, x = ' Qn* (‘)m

0

Forced Vibrations

The solution of the peneral forced vibration probliem, specified b5y [1],

[(3') and [4'], will be sought in the form
4 , ,
vnb)= S g o ()f (1) + s (xt)

W (x t) = i g_(DE() F s (xt)

-t -




The eight functions <}‘.y v §,, correspond to the four functions G
of (7). They are determined in such a way as to make the boundary conditions

on the functions sy and S, homogenvous. This can be done for all possible

cambinations of boundary conditions, taking %y and 9. to be polynomials

and choosing the coefficients accordingly. 1t is necessary only to compute

those of ihe %t)' ' G for which the corresponding f;(t) do not vanish,

Ify as a first example, the boundary concitions are specified by

y(©) = f.(t)
M(o) = fz(l:)
Q(f) = f:3 (t)
y(e) = f, (t)

the functions 9()’ ’ 9,‘. s which make the boundary conditions on Sy y S¢

homogeneous, are calculated to be

3, () =l

g,, (x) =0

Gy () =0

g,, (x) = (e-x)/ET
%5y (x) = x/ak'G
9, ()= 0

Guy () = XE

Foy ) =

T -

P s e

et ) 00

e

= 2
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Ify in the exceptional case, at both ends of the bean time-dependent moments

and shears are specified by

Qo) = f (b)
M(o) = f, (t)
Q(e) = fs (t)

M(e) = f, (t)

the functions % ’ .. are found to be
ty (L 4

Yy x)=-x"V2eAk'&

| g, (x) = -l/ak's

: 9.y, (x) = - x'/4EI

Gy (1) = X/2€ED - x/ET
Gy () = ©
G,y (x) = 2x/Ak'6e7- 3x/Ak'G e” !

B LD SRR P MG

| Gy () = O
f . (x) =—x_"/’EIea+x3/EIe

The remaining problem consists in findinrg S), (x,t) and S (x,t) from the

differential equations
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itg -lg' 3.\-{ i h o :’
f the boundary conditions
!;: Bizo = ’12'314 [15]
; ; and the initial conditions
'[ ‘ s ; i
I y ()= %)= 2 g (9f () :
| Se(x0) = ¥.() -2 g (x)f (o)
| . . 4 . () :
i S, (x,0) = yo(x)—g 39' x) f (0) (16) -
! S,(x0) = % (-3 g (x) f (o) -
| ¥
[S
‘ We seek a solution in the form
| s (t) =3 Y. ) T, (t)
n=e (17

S, (xt) =h§ \yn (x) T t)

asauning‘ that the principel modes form a complete set,

VA C M Ty m s s

4Le This assumption could be justified, by generalizing the proofs of com-
pleteness given by Coursnt and Hilbert (10) and by Xemble (11) to the case of

tvo dependent variables.
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To find | (t) we expand first
9Ly = ,‘z" C%tn ‘['n
91"’ = Z'C;(n\{fn

Multiplication of the £irst of [18)] by Ym, of the second of [18] by r Ym,

(18]

addition and integration over the length of the beam results, in view of [12],

in

4
J{(%}«K* rlg’(v \K; )dx
£ 2 2 2
f (Y; +r \F’; )dx

It may be observed that it is sufficient for the cosfficients )

c [(15]

tn

in the first and second of [18], to be the same.
We expand further

a0

%’é (9&: - 3:* ) - ,,% G::Y:

¢ D M p o SN

x (20]

%9’.’; {’r‘ (c}cy g'w) Y) f

Operations similar to those on [18] and again with the application of [12]

yleld

/[ kG((}ay 9¢~+)Y [g Gie g,-t (C}W 9..,)] } x

(21]
m
/ ( Y + rt ‘f‘rl ) dx
Also we expand the applied time-dependent loads and moments
o
Q//YA =n'§ Q, (t) Y, (x)
[22)

O .
M, PT =S Q, () F, (2)
1=y

=10
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In the same manner as in the expansions [18] and [20] we obtain the (time-

dependent) coafficient in [22) Q_

¢l i

q Hsr i

Q = °[(‘7,T n gf)dx (23] i
" (Y +r‘¥{)dx

Thus, each term in the equations [14] is an infinite series. Equating the n-th

terms wo odtain

SN -u Y.L QY -6, f -1
' - (2]

o

Y,
S GIWE - GY T rQE-S6, % T
(= N W it (=

! vhere use bas been made of [9].
Dividing the firet equation of [24) by Y, and the second bty ¥,
there result two identical equations oo 1T,

PR A © B Cr e T | S0 T R S——

% T+@T=_zef+zc; “F+Q, = R() say (25
.f( the solution being

: t

! T A, cos©, t+B, sinc,t ‘J(P(t)smw (£-T)dT [26]

o

The constants of integration A, and B, are determined from the initial condi-

ticns [16].

. m s g e i ena o

! Expanding the initial displecements ir a series of principal modes

y 0 =>CY;

= (27]

o (x) = ZC‘F

Nn=xy

3; i as well as the initial velocities

-
R . ]
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o) =SDY

. " (28]
)= DY,
the expressions for the coefficients C_ and D, are determined by meking use
of (12]
¢
/(X}:*'z'*o\f:)dx
Co = % (9]
/(}:z-o-r‘t[{'z)dx
o
[(%Y, +r % . )olx
) = - (30]
[ o
o

Substitution of [27] and [28] in [16] results in
4
T, (0) +2G, 1 (o) = C,
. ‘o : {31]
T, (0) "'ZG}‘"ﬁ (¢) = Dy
From [26] we have

T, ()= An
. (32)
T, (0) = @, B,

Thus "
=C," £ G,% (o)

AR ANAC) >

An
Bn

i

r This completes the formal solution of the problem,
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