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TROIENKO'S JHEAR COEFFICIENT FOR FLEXURAL VIBRATIONS OF BEAMS

Jntroduction

The range of applicability of the ona-dimensioral theory of flex-
ural vibtravions of beams was extended to higher frequencies by Timoshenko
wvhen he took into account the effect of transversze shear deformation., He

arrived at the free=vibration equations (1)*
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governing the transverse det‘lection,j y and the slope, )ﬁ y of the deflec-
tion curve when the shear is neglected. The coefficient 4‘ is defined as
the ratio of the average shear stress on a section ¢o the product of the
shear modulus and the angle of shear at the neutral axis. This ratio de-
pends upon the distribution of shear stress un the section and, hence, ‘_
depends upon the shape of the section, as Timosnenko observed. However,
the distribution of shear stress on a section depends also on the made of
motion of the beam. For example, for low modes of motion of a slender
bean, the shear stress has a maximum at the neutral axis, while, for very
high modes, the shear stress has a minimum at the same place. Thus, #

depends both on the shape cf the section and the frequency of vibration.

% Numbers in parentlesis refer to Bibliogrephy at the end of the paper,
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In the solution of Equations [1], the simplest interpretation of
& 1s that it is a constant. For a beam of given cross-sectional shape, H

then, £ can have the correct value for only one frequency. In the past,

several calculations of £ have been made, for various cross-sectional
shapes, ovn the basis of statical nonsiderations, that is, at zero fre-
quency. These values are satisfactory for the low modes of motion of
slender beams, where, in fact, the influence of transverse shear deforma-
tion is small in comparison with its influencs at high frecuencies.

As the frequency is increased, a point is reached at which a dras-
tic change occurs in the spectrum. This is the frequency, w', of the
first thickneas-shear mode of a bear of infinite length, i.,e., the lowest
frequency at which the infinite beam can vibrate with no transverse de-
flection, the displscement being entirely parsllel to the axis ol the
bean.

The reasor for the change in character of the frequency spectrum
is that, at the frequencies of the first thickness-shear mode and its
overtones, there is strong coupling tetween the flexural and thickness-
shear modes of motion, Examples of this phenomenon have beeri descrihed
in detail in previous papers (2, 3) for special cases of crystal plates
for which the equations of mction are the saze as those for a Timoshenko
beam,

It is desirable, then, that the thickness-chear frequency calculated
from Equations (1] should be the same as that calculated from the equations
to which [1] are an approximation, namely, the three-dimens!onal equations
of small vibrations of an elastic body. In this connection it must be recog-
nized that, wvhereas Timoshenko interpreted )é as the slope of the deflection
curve vhen the shear deformation is neplected, the product of % and the depth

of the beam may be interpreted as the maximum axial displacement of a transverse
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section. Thus, w’ is calculated from [1] by setting y=0 and ¥
proportional to exp (ca't) , following which u/ is set equal to the cor-
responding frequency calculated from the three-dimersional equations.
Since w'depends upon ‘, s the result is a formula for £.

It has been shown (4) that, for a rectangular section, this pro-
cedure leads to £ = 1r'/l2 ¥ 0.822 « Comparison ~ith experiments
(2, 3) shows that, when & 1s calculated in this manner, Timoshenko's
equations give good results for both low and high requenciee.

In the present paper, £ 1s celculated in the same manner for a

variety of cross-sectional shapes. To do this, it is necessary to solve

the three-dimensional equations of elasticity for the appropriate fire-
quency and equste it with the value of &' obtained frow Equations [1].
In the case of motion parallel to the axis of the bar, the three-dimen-
sional equations ard boundary conditions reduce to equations governing

a familiar hydrodynamical problem for which many solutions are known.
The determination of i is thus reduced to an interpretation of these
solutions and some additional computations. Results are given for the
following sections: circle, ellipse, orthogonal parabolas and a variety

of ovaloids. The values of ﬂ computed for these sections all lie within

about 10f of that for the rasctangular section,

Ir Y is set equal to zero in Equations [1], the second of the

equations gives ‘3\4/31 20 , so that the first of [1] reduces to

d¥ 2
Jt *4(5)" SiE (2]

i




tion of the oross-section. Hence, the frequency of pure thickness-shaar
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4 vhero ¢ » (q,/d) y 1.,y the velocity of shear waveeg in an infinite, ' te,
isotropic, elastic medium, and r = (Z/A )'/‘ s 1.6., the radius of gyra- ; a-
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vitration of a Timoshanko beam is

W= cR"/r (3]

This is the frequency which is to be equated to the one calculated fram

the solution of the three-dimensinnal equatiors for each section.
Thickpess—-theal Motion: Three-Dimensional Theory

Let the nsutral axis of the beam he the a -axis of a rectangular
coordinate system and let U4, ¢ and ®» bs components of displacement in
the X y and & directions, respectively. For pure thickness-shear
motion,

U=vso0

W ;("J)el.wt Ll‘]

Then the tkre--dimensional equations of motion (%) reduce to

Vz;-rf.!:O re]

vhere 4 = w/e and 1 A 7731‘ + a‘/a]" . The condition that the

traction venish on the cylindrical surface of tlie beam reduces to

28/ =0 [é]

on the boundary, where 7 is the normal to the boundary.
The differential equation [5] and the boundary condition [6] are

the same as those governing the amall oscillations of a fluid in a basin




of uniform depth (6) and the small vitrations of a gas in a ripgid cylin-

drical container (7). Solutions are available for a variety of boundaries,

Rectangle

In the case of a rectanvular section, the frequency is independent

of the width., If the depth is 2a , the frequency is (6)

w = we/2a (7]

Equa‘ing [7] and [3], and noting that rt*= a‘/_; , the shear constant, & ,

is found to be zr'y'/z y or, approximat-ly, 0. .822.
Cirgle

For a circular section of radius a , the lowest antisyrmetric mode
has a frequency (6)
ws= [ 8%/ C/d (8]

The radius of gyration of a circle about a diameter is a/2 . Hence,

equating (8] and [3], ‘ - 0.847.
Ellipge

The elliptic section was treated Ly Jeffreys (8), who computed

frequencies for two valuis of the eccentricity

€= (/ = A't//al)'/l [Q]

wvhere a4 and b are the semi-major and semi-minor axes, respectively.
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Additional values were computed and are listed in the columns headed ma/c
and wb/c in Table I. The corresponding values of W wsre then equated
to that in Equation [3] to obtain the values of # listed in Table I.

It is interesting to notice that the frequency (/886 c/a) of
the first antisymmetric mode of a very narrow ellipse, about its minor
axis, is greater than that (/57/c/a ) of & rectangle of depth equal to
the major dismeter of the ellipse. Joffreys observed that this is due to
the concentration of motion near the center of the ellinse. On the other
hand, the corresponding frequency for a very wide ellipse appears to ap-
proach that of the rectanple. Huwever, the corresponding values of £

are not the same because of the difference in radii of gyration.

Enrat-~lap

The hyirodynamic problem for a symmetric section bounded by a pair
of orthogonal parabolas was studied by Hidaka (9). Such a section has
the property a/b =2, vhere a and & are the semi-ma jor and semi-minor
axeg , respectively, Foi motion antisymmetric with respect to the minor

axis, Hidaka found a secular equation which can be reduced to

Jyy (dafz) =0 [10)

where I(l) 18 the Dessel function of the irst kind. The lowest root

of Equation [10] is (10)
dafe = 10585 (1)

so that

[1?]
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Equating [12] and [3] and noting that r*= @*/5 , the result is £.089%.
This completes the calculations for sections for which exact sciu-

tions are available, The results are assembled in Table I and the sec-

tiorns ure illustrated in Fig. 1.

Qaalolde

Approximate frequencies, pood for narrow sections, may be obtaineca

by neglecting the variation of displacement across the width. Hidaka (9)
did this for sections oounded by *he curves
1 2 I/tm
Lo (L
al. bi.) - /
(13]

mfz_'“,/u:o,/’z,

A set of these curves, for the case a«24 , is shown in Fig, 2.

Hidaka's resulta for the lowest mode, antisyrmetric about the hor-
i»~ntal axis of Fig. ?, are piven in Table II, along with the correspond-

¢ values of & . In finding # , the radius of gyration (r ), defined by

Sy erd
2 [llb]

j..’ G{l.

rt -

must te computed, Inserting y from Equation [13] into Equation [14], and

making the substitution x=asmé  n the inteprals, wo find

/2

(3e2m)
. . fws 9dé
: } o = [ - 2
3 - v/t [15]
g (te2m)
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By aid of the formula (11)

/2 ne/s
[ mnldl " lzj F{T—;Z-

° F(f+d

and the recursion formula for the Gemmu function, Equation [15] reduces to

rtsa*/(s+2em) (16]
The .Jssults in Tabie II are the same as in Table I for the rectangle

since the assumptiocn of uniform displacement across

(M=a0) tor any bfa
the width 1s exact in pure thickness-shear motion. For the ellipse ( u +/ ),
Table II gives the same value as Table I only for A/4 <0 (l.e.,e=/),
since here, too, there is no variation of displacement ~cross the width.

As the ssction becomes wider, there i1s same discrepancy, but i% is not

grea.. Even for a £ A {(the circle), Table I gives £ = 0.847, while the

approximation ylelds 0.889. The approxiration is not intended, of course,

to apply to 4 >a . Another camparison may be made for the parabola with

as2b . The value of 8 in Table I is 0.896, while the approximstion
gives 0,924, Thus it may Le expscted that the mpproximate solution of

Equation [5] will give results good to with!n a few percant for sections

at least twice as deep as they are wide.
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) TABLZ I
i
i , ‘ Motion antisymmetric| Motion antisymmetric
i : about minor axis about major a-is .
wa/c £ wéfc £

; Rectangle 1.671 822 | 1.sm 822
}
H Ellinae

e = 1;0 1.&6. .889 A I

o = 0,9 1.878 88 "8 !
i e = 0-8 1087 hd 087 1-78 . .79 !
i e = 0.7 1.858 .863 1.81 .323
f e = 0.6 1.856 .861 1.823 08"1
: e = 0.3 1.845 .851 1.837 844
: e = 0 (circie) 1.841 -847 1.841 847

Orthogonal Parabolas 2.117 896

* Jeffreys (8)
+* Convergence clow
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TABLE II
—
A I wa fc rt/at £
0 1 2.150 1/5 924
1 Y2 - 1.886 /4 889
2 V4 1.737 2/7 .8E2
3 1/8 1,655 4/13 «845
W 1/16 1,616 8/25 .83€
5 1/32 1.591 16/49 .826
0o o | 1.57m 1/3 .822

* parabolas; ** ellipse; "** rectangle.
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(3)

(&)

(5)

(6)

(7)
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stant (#) are piven in Tuble I, Dashed line is para-
bolic section. Thicknesa-shear motion is antisymmetric
about axis A-A.
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