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OPERATING CHARACTERISTIC CURVES AND OTHER FEATURES OF
TRUNCATED LIFE TESTS VITH PEPLACLIENT
by
Benjamin Bpstein

Departnent of Mathematics
Viayne University

L, Summq_.m

In [1] we considered the properties of trurjpated life tests undor

the assumption that the undarlying life distribvtion is exponentizl., The

purpose of this roport is to furnish some tables and grap%xs for the replacos

ment ease when items which fail ars replaced at once by new Loms

'ihe underlying probability density function of 1life 1s assumesd
throughout to be

1) £(x;0) = % e , x>0, 0 Y0,

The test 1s started with n items drawn at random from (1). Any item vhich
fails is replac—@ at once by a new item drawn from (1). The experiment is

truncated at time T = mim(l(r n,'l‘o) , Where X is the time (measured
; o9

Tosht

from the beginning of the experiméent) vhen the ro'th failure occurs and T,

is a truncation time beyond which the experiment is not permitted to run.

-1.
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2. _Rocapitrlation of Necegsary Formulas
W recall certain results proved in [1] concerning the truncated

replacement situation. Briefly it was shovn that Pr(rek]6), the probability

of reaching a decision which requires exactly k fallures is glven by

(2) Pr(r-kle) = p(k; Ag), k= 0,1,2,000,r 1
and
(3) Pr(r-roﬁe) =1- 5= plk; Ay

k=l

o,
where p(k;?\e) - ?\eka 6/4(: and Ae‘-nmolec

"hils Ee(r) s the expected number of observations required to reach a decision

can be written down at once frem the definition of expoctation, it iz useful

for computational reasons to use the formula

'r-l

: r -2
(W Eg(z) = Ag ﬁk%p(k; A +r, §° ‘g plk3 Ay) |

In this form one can use Lolina's tables on the Poisson distribution [2],
Farther Eg(7), fhe expected waiting time to reach a decision, is related %o

Ee(r), by the formula
8
(5) Eg(T) = & Eg(r).

A useful quantity to tabulate is the ratio EO(T)/TO (this must obviously be

£ 1). From the definition of 7\9 and (5) it follows at once that

{6) - Eg(T)/1, = Eglr)/ 7\9.
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Supposs wa use the followlng rule of actions

(@) If min(X

T)=X
ogn'g O) r

n (1.0., r, failures occur before time To)p
o’

reject the hypothesis that © = eoo
(1i) 1f mn(xro,n?To) =T (1ce., the r tth failure occurs affer time To)g

accopt the hypothesis that 0 = Oo., Tt»@aﬁ‘L(G)(l), the probability of accepting
8= % when 0 is the true value, is simply
el

7 L(0) = F= plks Rg)e
» k=0

It is convenient to express various featur:s of the test procedures

in tems of the dimensionless parameter !32\ " nT‘o,/Bo In Table 1 we give
L{A)s B alr), and B 7\(T)‘/T° for ro = 1{1)20(5)100. Graphs of each of these
funetions are given for £ " 1(1)10(5)25 in Figures 1,2, and 3. The tables
and flgwres avz useful in all cascs where ro, To’ and' n are preassigned.
The oxbension of the fables beyond the values tabulated can be easily par;
formed, since for sufficiently small A, E AE)~A and B p(T)/T L,
For sufficiently large A, I x(r) =r, and B 7’(T)/To =(r°/ Ao

It often happens in practice that it is important to preassirn tha
trancation time T o° This involves finding a truncated replacement tesh

(1.€., a sultable r and n) whose operating characteristic curve is such that

L(6y) = l-g and L(8;) € p(e, > @y). Now it can easily be shown that tue

P

(1) L{@) is the ordinate of the operating characteriatic curve of the test
proceders,
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baat(z) acceptance region (of size a) for H, based on the first r out of n

fallures, is for preasgsigned r and n, given by(‘?')

. 2
(8) xr,n >0 w 90 ?(lm(_’.(?r)/zn°

In oxder that the test baged on this acceptance region have an opsrating
characteristic curve for which L(Go) = l=q¢ and L(@l) £ B, we need to chooge
v sultably. The appropriate values for r (which we call ro) are given in
Table 2, A decision rule based on (8) is clearly truncated with truncation
time C, In order to truncate experimentation at min[xrosn,'f o] it is

neceasary to choose n gsuitably. For all practical purposes one can chocse

n ag

2
I n= [9‘,% 1 (2r°)/2'1‘0]

where [x] means the greatest integer & x. If this value of n is used, it

is easy to verify that using Xr

as the acceptance region for Ho will
°

Fys

‘result in having L(eo) 7 l=a, but L(Ol) might in soue coses be slightly ¥ gsa(m

It is interesting to note that the appropriate n (for fixed « and p) is

(2) 1In the sense of Neyman and Poearson.

: . 2
(3) Ve denote a chiesquare variable with n degrees ofy;freedom as(:X\ and
define W such that Pr%.2 >N) =y as N ~ }\2 (n)o n
Y

(L) This could be avoided easily by giving the experimenter the freedom to use
instead of To’ the slightly larger truncation time T" = @ %2 (2r )/n,
0 07 1eg ©
where n is given by (9)., The test based on using X n > T"’) as
N o’

acceptance region for H, will have L(Go) = 1-q and L(6,) £ p. If one
uses n+l. items throughout the test, then onc could use %nstaad of T o the

slightly smaller truncation time '1‘:) =0, le (2ro)//(n+1)o The test
m

' ‘
baged on using xro,nd-l 7T° as acceptance region for H  will have

L(8,) = l=a and L(Ol) £ B

[ -
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inversaly proportional to the tire of truncation, To' Thus; 6eg., to reducs

the truncation time by a factor of two requires doubling n.

3. Numericai Examples

- Problem 1. A sample of 20 tubes is drawn at random from a lot
whoge 1i‘e 1s assumed to follow the exponential density (1). Tubes that fail
are replaced at once by new tubes dravm from the lot .' The following rule of
action is followed: If 2 failures occur before 500 hours have elapsed, the
tast i.s slscpped as gsoon as the second failure hag occurred and the lot is
rejected. If, howaver, 500 hours have elapsed before 2 Iailures have occurred,
the test is stopped at 500 hours and the lot is accepted.

OQuestion 1: What is the probability of accepting a lot whose mean
life 8 = 2000 hours? Vhat is the expectad nmumber of hours required to make
the declision if 6 - 2000? How many items will be failed on the average if
0 = 2000? Ucing Table 1 and noting that n = 20, r, = 2, and T, = 500, it is
clear that A = nT /6 = 5. Hence the probability of accepting a lot with
9 = 2000 is .04. The expected waiting time to reach a decision is 185 houré
and the expected number of failures is 10950

Question 2: Same as question 1 for 6 = 10,000 hours. In this
case A= 1. The probability of acéepting the lot is .736, the expected
waiting time is 448 hours, and the expected mumber of items failed before
reaching a decision is .896.

estion 31+ How large should @ be in order that there be a
probability that a lot with mean life © is accepted 95% of the time? It is
easy to compute that this requires A = ,355, Hence from the relation

A = nT./6, it follows that @ = 10,000/.355 = 28,170. Hence a lot vith a
mean life of 28,170 is accepted 95% of the time by this plan.
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Quigtion s Same as 3, except that we want the lot rejected 95%
of the time. This requires A = }.,75 and € = 2105 hours. Hence a lot
having a mean life of 2105 hours will be rejected by this plan 95% of the
time.

Problem 2, Find a truncated replacement plan for which '1‘0 = 200,
and which will accept a lot with a mean life of 3000 hours, 90% of the time,
and reject a lot with a mean 1ife of 1000 hours, 90% of the time. In this
case 6 = 3000, @; = 1000, a @« B = ,1. Since 6,/6; = 3, it follows fram

Table 2 that r, = 6. Consequently n = [oo 'X: (12)/uoo] - [99.9%.(0%:991‘.2 - L7

Thus the following truncated replacement plan should be used: Start with
n = 7 items. As soon as any item fails, replace it by a.new one. Accept

the lot if min }X
6,47’

min} X s 200} = X . If the lot is rejected experimsntation is stopped
6,47 6,47

200] = 200 and reject the lot if

at X6 Ny the time of occurrence of the sixth failure. It is readily
»
verified that this plan meets the conditions specified.
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Table 1

Characteristics of Truncated Replacemcab Procadures
in the Evponential Case.*

T, =1
M= ngfe L(7) E A(r) B (1D,
»005 2995 2005 998
01 990 010 0995
+05 N 049 2975
ol 905 095 2952
o2 -619 -181 2906
o3 N D 259 .86l
h -670 0330 -82l4
o5 -607 2393 2787
o7 497 503 2719
1.0 <368 ;,632 632
1;5 .223 o177 <518
2.0 - 135 865 _ 1132
3.0 050 0950 | 317
4.0 018 <982 o2L5
5.0 +007 993 o199
0.0 .000 1.000 2100

% The description of the tesat procedure 1s given in Sections 1 and 2
of this report. The definitions of r, T, )\ s and formulae for L(A),

Ex(r), and Ep (T)/T, are given in Section 2. A more detailed development
of the underlying mathematics is yiven in {1].

RS



r, = 2
A= a1 _fo L(M) E A(r) B A(T)/T,

o0L 1.000 -010 1,000

o 995 2100 2998

02 982 2199 o99L

23 +963 .296 987

oh 2938 2391 -978

j .5 <910 N 2967
g 7 8l 659 92
: 1.0 736 -896 896
% 1.5 /558 1.230 .820
'{;.ﬁ 2,0 .1406 1.459 o729
} 2.5 287 1.631 652
f 3.0 199 1,751 58l
z} 1.0 092 1.890 73
i 5.0 -0L0 1.953 2351
10.0 .000 1.999 »200

Tt

[P i




A -‘nTo/e

ol
03
o5
of
1.0
1.5
2.0
2.5
3.0
3.5
11,0
5.0
7.0
10,0

r, =3
L(A) E4(r)
1,000 « 00
2996 0300
986 498
2966 693
2920 oI77
" 809 1.110
617 1.782
oSlidy 2,087
-1i23 2,328
«321 2,513
0238 2,652
225 2,828
o030 2;,962
003 2,997

B A (1)/1,

1,000
«999
2996
2991
o977
-S40
891
635
o776
»718
-663
-566
o422
2300

Tr

e



o2
o5
o7
1.0
1.5
2.0
2.5
3.0
3.8
ko0
]
5.0
6.0
7.0
8.0
9.0
10,0
12,0
15,0

o010
0002
-000




r = 5

A =nr /8 L(2) E A (¥) E A (1)/T,
5 1.000 +500 1,000
1.0 2997 2999 0999
1.5 961 1.L9%L 0996
2.0 29l 1,983 991
" 2.5 851 2,138 - 918
“ 3.0 818 2,86l .95
; 3.5 725 3.251 0929
10 ‘ 2629 3,590 +897
s LS .532 3,880 .862
| 5.0 Ao 1123 .825
5.5 358 322 786
| 6.0 .265 L2 RN
! 7.0 173 L.707 672
8.0 2100 1.8l 605
9.0 085 L.916 56
10.0 -39 L.957 496
15.0 001 5,000 0333

20,0 <000 5,000 +250




o
A=t fo () E(r) E 5 (D)1,
b 1,000 <500 1,000
1.0 2999 1,000 1,000
2,0 .983 1,99k 2997
3.0 .916 2,949 2983
3.5 .858 3.393 2970
100 785 3.805 951
b 2703 bo177 | 2528
Bl 616 L.507 «90L
5.5 .529 Le793 871
‘ 6.0 Lili6 5.036 839
% 6.5 -369 502140 -806
j 7.0 300 5,407 112
i 8,0 a9 5,650 706
9,0 o116 5.801 6U5

15,0 : -003 5.998 oL00

' 10.0 067 5.890 589
2000 om 60“)0 QBw
|

w 5T




A= o1 fo

1.0
2,0
3.0
4.0
5.0
545
6.0
6.5
7.0
8.0
9.0
10,0
12,0
15.0
20,0

A -

X, =7

L(A)

1,000
2995
2966
.89
w762
+686
+606
o527
150
2313
207
.130
046
-008
2000

E a(r)

1,000
1,999
2,983
3.915
L.7k5
5.107
5.430
5.713
5.957
6.336
6.59
6,760
6,923
6,990
7.000

E ﬂ(T)/To

1,000

2999
o990
979
549
0929
905
879
851
792
«733
676
ST7
21166
350

—f |




A~ nTo/e

1.0
2,0
3.0
L0
5.0
6.0
6.5
7.0
705
8.0
9.0
10,0
1.0
12,0
13.0
1.0
15,0
7.0
20,0
25,0

L{A)

1,000

.999
.98
oSh9
867
oThh
673
599
525
o153
.32l
0220
213
080
-05h
032
.018
,005

2000

B a(x)

1.000
2,000
2,995
3.966
L4.877
5,821
5.980
6.358
6.639
6.883
7.270
7.5L0
7719
7,83k
7.904
7,946
7.972
7.992
7999
8,000

EA(D)/T,

1,000
1,000
0998

0992

2975

2920
908
885
860
- 808
o 75k

653
608
- 568
«531.
470
2100
2320

-



A = n'fO/O

1 2,0
* 3.0
L0
5.0
6.0
6.5
7.0
Te5
8.0
8.5
9.0
10,0
1.0
12,0
13.0
;.0
15.0

17.0
20,0

25,0

L(A)

1,000
0996
979
2932
847
o792
o729

+593
.523
oh56
0333
+232
«155
»100
.062
037

002
.000

E }(r)

2,000
2,999
3,988
L.9L6
5,839
6.249
6,629
6,977
7.290
7.570
7,818
8,207
8.487
8,679
8.805
8,88
8.933
8,979
80997
9,000

‘ E;‘(T)/TQ

1,000
1,000
<997
2989
973
0961
o947
0930
0911
-891
869
«821
772
2723
677
-635
596
0528
o150
0360




A= nTO/G

2,0
3.0
k.o
5.0
6.0
7.0
8.0
8.5
9.0
10,0
1.0
12,0
13.0
.0
15.0
17.0
20.0
25.0

r =]0
[o]
L(A)

1.000

©.999

0992

+916
830
717
653
+587
-i58
3l
.22

+109
-070
026
-005
»000

E ;\(1‘)

2,000
3,000
3.996
1,978
5.923
6.799
7.57%
T.917
8.227
8.7L9
9.147
9.436
9.639
9.775
9.863
9.953
9.992
10.000

E)(T)/To

1.000
1.000
<999
+996
+987
971
U7
+931
«91L
-875
+832
786
oThL
+698
+658
+585
2500
2Li00




Q
A =l fo L(A) E 4 () EA(T)/T,
2.0 1,000 2.000 1,000
3.0 1,000 3,000 1,000
4.0 0997 3.999 1,000
5.0 986 Le992 0998
6.0 o957 54965 99k
7.0 901 6.897 2585
8.0 816 7.763 o970
9oC »T06 8.521 o7
10.0 -583 9,166 -7
11,0 =160 9,687 ~881,
12,0 347 10,089 N:ih
13.0 252 10,387 2799
1.0 176 10.599 o757
15.0 -118 10,745 716
17.0 «0L9 10,904 o6l
20,0 011 10.961 549
25,0 00% 10,999 oLlo
30,0 000 11,000 <367

e e e———————— e < —m -




r, " 12

A = a1 fo L(A) EAR)
3.0 1..000 3,000
L0 0999 L.000
5.0 <995 " 1997
6.0 , .980 5.985
740 T 6,951
8.0 .888 7.870
9.0 .803 8,718
10,0 697 9.469
11,0 o579 10,108
12.0 162 10.6:48
33.0 0353 11,034
1.0 260 11.33%
15.0 185 11,560
17.0 - 085 11..817
20,0 2021 11.960
25.0 00 11.998

30,0 +000 12,000

El?k(T)/To

1.000
1,000
2999
.998
.93
.98l
2969
8l
919
806
-BL9
.10
7L
o695
2598
480
100
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A = np o/

10

E K

15
20
25
30

o o A 0N o\ &

L(A)

1.000
998

973
936
876
192
-689
576
463
358
.268
135
2039
-003
+000
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10

12

&

16
17
18
15
20
25
30

1.000
0999
2996
+587

. 2966

<926
=864
2781
682
573
oli6ls
363
0275
o201
o113
098
066
2006
2000

E , () B (/1,
145000 1,000
5,000 1,000
5.998 1,000
. 6:990 0999
7.968 «996
8,916 0991
9813 2981
10,638 <967
11,370 9L8
11,998 0923
ﬁ ?R2.516 894
12,929 ' 862

13.247 +828 -
13.483 o793
13.654 759
13.773 oT25
13.85L 693
13.988 0560
13.999 L67

Py
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10

12

1k
15

17

19
20
22
25
30
35

e 15
L(A)

1,000
0999
95
983
959

-85

o772
675
570
166
.368
281
.208
«150
,105
-0L8
.012

2000

E 7\(1‘)

5.000

5.999

6.996

7.985

8,957

9.897
10,784
11.598
12.323
12.946
13.463
13.879
1,202
L.k
14,623
14.750
14.896
1. 97h
14.998
15.000

E A(D)/T

1,000
1,000
0999
0998
0995
2990
0980
«967
.9L8
925
898
867
835
.803
-770
°137
677
0599
o500
oli29

[ SU,
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T, " 16
A =ur /o L(A) E5 (%) EA(D/To

5 1,000 5,000 1,000

6 2999 6,000 1,000

7 2998 6,998 1,000

8 . 992 7.99L 2999

9 978 ' 8,979 2998

10 <951 9,945 0595

1 -907 10.876 2989

12 8Ll 11.754 979

13 <76k 12.559 966

i 2669 13.276 -3k

15 -568 13.895 526

16 16T .l13 901

| 17 371 W8 872
| 18 287 18.159. 8L2
19 215 15.109 11
% 20 2157 15,593 780
’ 22 - 077 15.619 -T19
25 022 15.953 638

1 27 -009 15.983 o592
| 30 2002 15.99 <533

3% 000 16,000 olisT




A= nTo/e

v o~ O

10

E R

15

17
18
19
20
22
25
27
30

r, =17
L(A)

1,000
2999
2996
989
913
o9lb
+899
-835
=756
+666
0566
o168
0375
+292
.221
o117
2038
12
00k
- 000

ETA(”)

6,000

6.999

7.997

8,990

9.972
10,932
11.8%6
12,724
13.520
14,197
1L.6L47
15.363
15.78L
16,117
16,372
16,702
16,916
16,967
16,993
17,000

E Z(T)/To

1.000
1,000
1,000
999
o997
990
988
919
2966
oIU6
2928
290k
877
-BLY
819
o759
677
628
2566
LBh
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A =t fo L(A)
7 1,000
8 2998
9 2995
10 2986
11 2968
12 937
13 »890
i L .827
| 15 »7h9
i 16 «659
17 561,
| 18 2169
19 .378
20 297
21 _ .227
22 ) o169
23 0123
2l .087
25 2060
27 -7
30 -007
35 001
10 <000

Aoty "W

E ;\(I‘)

7,000

7.99¢

8.996

9.987
10.964
11,918
12.832
13,693
14.512
15.187
15,799
16,315
16,738
17.075
17.336
17,533
17,678
17.782
17.930
17,939
170985.
17,999
18.000

T

E7\(T)/T°

1,000
1,000
1,000
0999
o997
2993
<987
978
<967
«Sh9
2929
0906
861,
-85
-826
o797
0769
-7kl
o117
66l
2500
251h
o150
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r, " 49
A= wr o () B o (7) B AT/,

7 1,000 7,000 1,000

8 . 999 8,000 1,000

9 -998 8,998 1,000

10 2993 9,99 2999

11 962 . 10.982 2998

12 -963 11,955 2996

13 2930 12.903 2993
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Table 2

Values of r, needed to meot the condltion that the test based on waing

Xr 0 2C as acceptance region in the replacement case will have the
o? proparty that L(B,) = l-a and 1(6)) £ p
o= 001- Q* QOS
Bf6p | Bw 0L | p= .05 |p=.10 ‘eolel B=. 0L | B=o 08 p= .10
3f2 136 101 83 3/2 95 67 55
2 L6 35 30 2 33 23 19
5/2 21 2L 18 5/2 19 b n
19 15 13 -3 13 10 8
I 12 10 9 L 9 7 6
9 8 7 5 7 5 b
10 5 L i 10 L 3 3
ax .10
0p/8y | P=o0L | p=.05} f=.10
3/2 77 52 i)
2 26 18 15
5/2 15 1 9
3 1 8 6
L T 5 L
5 L 3
10 3 2 2
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