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1. Introéuction and Summary

In dealing with the problem of the response of paneis under bdlast
loads, such as from the firing of guns or rockets, i%{ has been observel that
the severity of the damage depends upon the speed of the aircraft. From cer-
tain elementary considerations of ths nature of the blast load (to be reported
elsevhere), the reasons behind the phenomenon can be qualitetivcly explained.
It is also clear, howvever, that the surrounding fluid might have some influence
on the response through its reaction on the transient motion of the panels in
ques*tion. To determine the approximate nature and the order of magnitude of
such serodynamic effects, an idealized two-dimensional configuration has deen
studied and the results are presented in this report.

The simplified configuration treated consists of the following: the
skin structure is represented by a flat sheet of infinite length, over which
& uniform stream flows at a velocity, Iy . The motion for each panel is con-
sidered separately, so that at one time there is only a "bump®, in transient
motion, on an othervise flat sheet. The aerodynamic reaction induced by the
motion of the bump is derived on the basis of small disturbances and incom-
pressible potential flow. If there are several panels excited into motion
simultaneously, the resultant asrodynamic reactiou on each panel can be con-

structed by means of superposition.
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In particular, a uniforms panel with simply-supported ends is
treated in destall in terms of normal coordinates. The irportant dimension-

less parameters entering the problem are the usual reduced frequency and

pass ratio (panel to air), as in all oscillating asrcelastic phenomera, The

modifications on the vidbration characteristics are discussed. The natural
frequency i each s2d: lex’s to be redrvced, as the arparent mass and the
quasi-steady forces both contridute to this reduction. The reduction in the
lower natural frequencies, compared with the frequencies in vacuo, is of the
order of a fev percent for & typical duralumin panel on an aircraft moving
at an average speed, but may decome large for more flaxible panels and for
panels on submarines nnder water. Ths Ligher natural frequsncies are practi-
cally unaffected dy the surrounding fluid.

An indication is further made for the condition for dynamic insta~
bility based upon a representation of the two lowest modes. It is found
that for typical aircraft panels, instadility 4s essentially ceused by tha
quasi-stesdy forces. The serodynamic damping makes very little contribdbu-
tion under ordinary circumstances.

It 4s hoped that, despite the over-simplification of the two-
dimensionsl treatment, application to actual cases may Ve made for first
order estimations. This may be done, for example, by using the concept of

the "representative section® well-known i{a the field of serocelasticity.
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2. Method of Solution

Consider the complex potential

ey

wi()s he (1)

where z = x + iy, and h may be complex.

il Rl | SO % 7 R A st . A i i U i ol R

It can easily be shown that, within the scope of linearigzed theory for small
disturbances, such a function represents the disturbance potential due to a

sinusoidal boundary of period-‘é%r ., the boundary being taken to be close to
the x-axis. Ragarding Eq. (1) as an elementary solution, the velocity poitou~

tial for any arbitrary boundary shape can be constructed ini:ediately by super-

position, and is seen to be

- 3 4

w@e [“hwre " do (2)

or

L 4 M .
o-rif s J,(x)e""d«} (3)
]
Differentiating, we odtain

¢,{ e RZ{["/) (x)(-x)e i“zdtx}

On the boundary, therefore, the derivative is

9 _O-RQ{["(-wh(o()e"“"dx} ()

7/7
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-( X

- (ex
’/__D( h(x)e + h(oc)e d (La)

’

'

(-]

wvhere J(¥) denotes the conjugate of h(K)
I the derivative ¢’/ is sxpended by the Yourier integral,
$™ (@]

we may write

¢ /.," f.B ()€ '™ doc. (5)

¢lyee 4

. »
_a o B e e 4

° 2

But, with the relationship that,

B(-o¢)=B ()

¢"/‘j‘0 becomes . | -
¢,/q,°‘[ ['B(oc)em+ Blu)e Jdoe

Comparing Xq. (5b) with 2q. (4a), we may conclude that

—och(a): 2B(x)

Tho function, B(x), of course is the inverss treasform cf ¢7/,1.‘,
L) (o X
B(x)egr [ ¢‘,/""e dx (7)
-0

Hence, with the given normal velocity, ¢5/%,o , the disturdbance potential

can be evaluated.

AERO-ELASTIC AND STRUCTURES RESEARCH
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3. Application to the Transient Motion of a Bump

In studying the problem of the transient motion of a "bump®, the
surfaces adjacent to the "bump® are assumed to be flat and to extend to

infinity. The air stream, of velocity, VU , is taken to be parallel to the

flat boundary. The x~axis is chosen to coincide with the flat boundary, and

the "bump® extends over in the interval, 0< x ¢ ;1 . Displacements of the

"bump® are considered small, so that the boundary conditions are approximately
satisfied on y =& 0.
Thus, if y = £ (x,t) represents ths instantaneous shape of the

bump, the boundary condition to de satisfied by the disturdbance potential is:

¢‘J/S,.-U¥,(x,t)+ﬂ(x.t) (8)

Also, in order for the disturbance to die out at large distances from the panel,

the conditions

¢ ana ¢?-—~O as /x/or 4 or both —0o (9)

o
J ., Ao (10)

must be satisfied. Condition (9) is self-evident. Condition (10) represents
the fclosure® requirement, i.a., the instantansous streamline must adhere to

the flat boundary after passing the bump.

It is obvious that, if the instantaneous shape of the "bump” is

defined by the equations
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Y= §x.t) 0% w1 -
2 0 elsevhere

The shape may be redefined in terms of a ¥ourier series, so that

q.él %,,,({-) Sth hx o= xXST (12)

= 0 elsevhere
Here 1t 1s aasumed that the bump atarts from zero at x = 0 and x= 7. If the
"bump® represerts a panel of homogeneous material and of constant thickness,
sach Fourier component corresponds to a normal mode, and qn(t) corresponds to
the transient deflection in terms of the normal mods components. By introduc~

ing Eqs. (11) and (12) into Eq. (8) the boundary condition becomes
¢‘3./?:°: 13 é‘ hY, (f) oS Nx + "2‘:' %,:'({-) SiA NX

=i A"(t)cos(n*-gn\,osxs‘rt (13)

nnit

l | b)po = O

And consequently, the problem is reduced to finding a velocity potential

elsewhere

satisfying each term of Bq. (13}, namely,

=0 elsevhere

¢q/9.°‘An(f)cos(nx-Sn\ osxS‘ﬂ} (13a)

together with conditione (9) and (10). ™he complats solution is then ob-
tained by superposition.

Proceeding as indicated above, for Bq. (13a) we obtain by using

I AERO-ELASTIC AND STRUCTURES RESEARCH
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; ‘q. (7). A 1 . N
n ol ®
B"(&)'E;; cos(nx-Jn)e dx

_An. [Q. i(nvﬁt)’ff’,] [ 20 cosd, -2 (rn Sin [nJ (14)
4L ni_ x‘-

1t follows from Bq. (6), that

(n- {(n-%)
oo, (2t 520

d(nl 8}

and, finally, from ¥q. (3) and with y = 0, we see that

¢/ -~_A_nc,°5; c,osrmrst"o(('ﬂ x)-Stn oL X o
n%.o ‘

+ An An n s § f cos PTT. cos f (IW-%)~cos oL X dof (16)
o (n? - ?)

Next, the functions,

I.(f:%«)=—é—;[&(+?)san P?"Sf(bg) Cos p%]
(17)
I, (b ) = '?L![Ci(f’v cos pg + Si(pydsin by |

may be defined where 01(5 ) and 31(§) ary the cosine and sine integrals®

relpectivdly

® fThese integrals are tabulated, e.g., in Mef. 2.

AERO-ELASTIC AND STRUCTURES RESEARCH
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3 .
CL(B) '[ —__cos.: a
(18)
Si (§)=f3 Sialbigt

Both integrals in Eq. (16) show singularities within the range of integra~
tion, but difficnlty will only be encountered at the origin, ol = 0.

Expanding Bq. (16) into partial fractions and integrating, we obdbtain
¢n/8'0 * —-An""' cos §, [’ cos n L, (77-x,n)-T, (&")J*

'57?"n sin .{nrcos nm I, (mw-x,n)-I, (x,n)]+

An Sindn Qim {_cos nTr Ci((w-x)e)+C£(xé)}
o/ N fwo
(19)
Yor even values of n, we have (Ref. 2)
20_:’: [.-.C.-((yr-x)G)-o- Ci {x€)_7, ‘ﬂ"/'];‘-x (20)

But for 0dd values of n, there is a divergence of ¢n even for large values
of [ x|, and thus conditlon (9) is not satisfied.

The source of this difficulty can be truced tc the fact that the
closure condition, condition (10), is not satisfied by that part of ¢, )3,0 ,

specified by ¥q. (13a), which is associated with sin /. .

AERO-ELASTIC AND STRUCTURES RESEARCH
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Defining the function
¢‘]/‘j ,An Sin nx Sin fp, o= xST
3

=0 elsevhere
we see that

7 .
f Ap Stn §,Stn nx dx =An St7 dn (1-cos nar)
0

”
x01f n 18 o0dd

2q. (21) defines a constant displacement of the stream line in the y-direction.
As shown in Appendix A, the addition of ancther "bump® in the form of a step
eliminates this constant displacement, and the closure condition is satisfied.

The divergent term in Eq. (19) ther disappears. 1t follows, therefore, that

b, -t o G e n Tl ]
%;.n Sin Sn [cos nIT IZ (TT-X,")‘IZ(X,")*IJ]
(19a)

!
I3= e .Qn/ x—/ for even n

T -% (22)

o forodd h

Rewriting I, and I, according to their definitions, Igs. (17), we

obtain finally,
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A
¢n /cro’ ";,"_; ¢, {nx)scn nx -rS,(nx) Cos nx]+

AR TEEPPRReR

:.%TE[C, (nx) cos nx -5, (nx) sin nx [+

I+ Cos nTr »
2T N Ans ﬂn/ﬂ/

vhere A and A  are abbroviations for A, cos § o 8nd Ap edn dn respectively,

and

c,(nx)= Ci (nTT=-nx)-Ct (rnx)
(24)

S, (nx)=Si (nm-nx) +5i (nx)
Since, by definition,

ci(-3)=c: (_5)

si(-3)= -s¢(3%)

the condition that

(¢”)(J=o —= 0 a3 X —~o0

is satisfied as required.

AERO-ELASTIC AND STRUCTURES RESEARCH
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L, The Pressure Distribution '

Having obtained the solution for ¢ , in Eq. (23), we may now
evaluate the pressure distribution along the "dburp". The pressure is given
by

A4Ap 2= - (25)
U ¢“-/:‘- e¢ %:o

with the pressure on the underside (y = -0), taken to be the same as that at
infinity.

Aftor simplification, in the region 0 < x <17 , i.e., along the "bump"

AERO- ELASTIC AND STR

" Differentiating Eq. (23), we obtain for the n'® componert,
»
. ¢n))</ "'%&jfc,’(nx)-s,(nx)]sin nx ¢+
<0 !
: 1 [S"(nx)4-c.(nx)jc” nx}+
: ’l’ﬁ{{c: (nx)-95, (nx)]c:os nx -
] L—s"(nx)+C, (nx)]Scn nx/ + =
| ' '
)]+ Cos n T 5_ 4
’ 2Yrn Ans /X! /7r-x/j 260
'
' where
) .
/ = - - 0 n X oS n‘rr
: C/(nx)= .7__) C,(nx)z-ces coSnw, ]
) (27)
! SL X[cesn o
' 5;(”‘) a( X)S’(n )t h n [- :;X ‘f’x]
|
]
)
|
|
|
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¢r),x</‘d = -é% C‘(nx) cos ny - S, (nx)sin ﬂ:(j"‘
=0

A_p_g_]:c,(nx)szn nx-f-S,(nx) ces nx + (28)
I —CoS n*ﬂ'(: _ | )
3 X Aar-x :(
For points beyond the *bump®, a corresponding expression may readily be

written, wvhich should be used when the mutual influence of two adjacent

"humps® is to de computed. This, however, is omitted here.

Since, by definition, the following symmetry holds:

C,(nx)=-C,(nw-nx)

S, (nx)= 5, (nTr-nx)

it may then be verified that:

(1) for n = 0dd, the part of ¢n,x in Xq. (28) due to A is

4=°
symme trical with respect to the mid-point; the part due to %. is
anti-symmetrical;

for n ™ even, the part due to Apc 18 anti-symmetrical with respect

to the mid-point; the part due to Ano is symmetrical.

It will be seen that the last term in Eq. (28) involves singulari-
ties at the leading and trailin. edges. This may be interpreted as being Jue
to an effective movement of the segment, C<x< 1Ir , as a rigid body from

the flat doundary. The rest of the terms result from the deformation about

AERO-ELASTIC AND STRUCTURES RESEARCH

N Ly TSI YT I



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Aeronautical Engineering

CONTRACT NO. K5 ori-07833 PAGE 13
HR 064259

this means position.
Yor the contribution dne to ¢, , the same expression, Xq. (23),
may be used except that the amplitudes A . and An- must be replaced by their

derivatives an -ﬁ (An\:) and Lno ldﬁt_ (An') respectively. Thus

2 - Anc ( S .
¢n,+/%__° S [¢,Cnx) sin nx +5,(nx) cos nx]+

ﬁL&.[C,(ﬂx) CoS nx -S'(nx)ﬁn NX +

nmT
M;OSDW 2n /1?{1/] (29)

We Aare now in a position to evaluate the total change of pressure

dus to the motion of the "bump®s

AP: - QU%, ¢":"/ N Q%I ¢"'t/(*eo (30)
vith ¢, . [ _ and it o given by Eqs. (28) and (29).

5. Generalized Forces on a Uniform 8imply-Supported Panel Due to Aerodynamic

Pressure

For a homogeneous panel of uniform thickness, the Yourier components
of the deflection are identical with the normal modes. The coefficients, ’

qn(t), 4n Bq. (12), therefore, represent the deflection in terms of normal

AEKO-ELASTIC AND STRUCTURES RESEARCH
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coordinates. ¥We may then write the equations of motion as

where

N, = generalized mass for the rth mods,
q, = deflsction of the rth mode,
we = :'m natural frequency,

Qe = gensralised force exciting motions in the rtb mode.

It is well-known ibat Q. may be derived from the principle of virtual work.

¥Yhen a pressure distribution acts on the panel, the virtusl work, {W, given

by & virtual displacement, 6% , is

SwefT-apde §y. (32)

Expressing y in terms of normal coordinates, we find that
o 3
S = ¥ %n Sin nx
ns|
=
§uy=2 f§q,_sin nx
=5 °¥r

Substituting into Eq. (32), we odtain

r
Qr e §w af —-A? sinrx dx (33)
L

AERO-ELASTIC AND STRUCTURES RESEARCH
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The tem )(r is given by
a
j«.[ sl.narxdx-fg-/-btéM (34)

vhere
/u Z mass per unit span

M = total mass of the panel

With Bq. (30) for A p, it follows that

Q‘U‘Z [ {Jn‘/“ Sin rxdx

hs!

o w
+@ = ¢ / Sin Fxdx (35)
h3) )t
0 9
In using 3q. (35) ve must take
Ahs ’%n ) Anc’ uvng,
l'l defined by Bqs. (13) and (23). TYor adbdreviation, Bq. (35) may nov de

revritten in the form:

Qr - n,r Qn" : S L r
*-QTIT hzﬂﬂ—‘l—}"_ %n+ E: ‘FJ_ ‘b"+§o mw x" ?" (36)

and o, @, ¥ are identified as follows:
hl

"’—‘”—5) .Sa.n rk[C (nx) cos nx =S (nx)stn nx + _U‘_C_”_'ﬂhﬂ- ]dx

-C s hid
Qn,r‘;#; Stn rx [c,(nx) Sin nx +5,(nx)cos nx + <23 T/ ,"_x)]dx
[ J

Fo,r

)

2.
= _%'9_[5.-,, ,.,,Y(,.(nx)cos nx-3,(nx)sin nx]dx

AERO-ELASTIC AND STRUCTURES RESEARCH
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th node on‘ the

Physically, M,,’, represent.s the apparent mass effect of the n
th
r*" mode, ®,, represents the corresponding damping, snd Xn,r repreaents the

quasi-steady serodynamic force.

¥We may nov introduce the functions,
L4
IS (n.m)-[ S, (nx) stn mxdx
)

Ise (n,m)= fvs,(nx) cos mx cdx

(38)
Ic., (n,M)s["c‘(nx)si.n mx dx
”
ICZ (n,m)-[ C, (nx) ces mxdx
vhich are evaluated in Appendix B.
Having defined the functions of Eq. (38), we may write Eq. (36) as
2 [}
oo ms) 7 (marom) ik T (mron) =
g-]’sz(n, r-n)sd J'Sa(n,rfn)-f
T m
It+cesn
Y -4
5 [Sm rx fn w-xd"] (39)

AFRO-ELASTIC AND STRUCTURES RESEARCH
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!
Rn.r ";‘:’:[ZL&(N)“")-’% T‘e("’ rtn) +

- é—Ts'(n,r-n)iré—Is'(n,r*n)-}-
11
2 | I~COS nTr , a4 ]
’ ==/ 5 rx(x 'ﬂ-x\dx
-]
(39)
: Yo = - 71, (mar-m e £ (i) -

< é—];a(n,r-n)+"z—fsz(n,r+n)]

x Making use of formulas (B.1l) to (B.12), we may write, for n}ér

. L pyr™ ;—ﬁ’i_r [wcos(rrn)ﬂ][Ci(rfr)-c.'(nw)+1n—:.'-]+

ri_nt

= 14+ cosnT r+Ccos v
; cos 7 (L pe ')[g,, 7y -C. (r'f/’)]}

(ko)
= where ¥ = Zuler's constant = 1.781972.

S4imilarly, for n= r, °(n,n becomes

e dn,n’#['ﬂ Si(n‘fl')—"n‘(Cos nﬂ-;)-!*—cnw{fn nmYy -
» Ce(nm) J’] (k1)

In a like marner, @,,r may be written, for ngr

c(rm Si (n)  1-cos N, )
@nr= —%l{['—“s (ren)ar] 22 (rr‘-)n:r UL 4-°n fi+cos rm)siGem)
(L2)

e AERO-ELASTIC AND STRUCTURES RESEARCH
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and it is seen that, forn® r, Q,p20.

Tinally, the expression for J,, may be written, for n g#r

Cnr™" %’.(. '1":?)(; +CoS(r+ n)qr)[ci (rm)-Cci(nm)s In ‘rrl]

and, for n® r, ¥, , bYecones

xn,n"'"%.,-"-[--‘TI st(nmr)s+ "f,"’ n‘h’]

We now kave all the coefficients,®( ,9 .% 's, for evaluating the generalized

force, Q., as defined by Zq. (36). It should be noted that:

(1) ¥, , ¥0 only when n and r are both even or both ndd, i.e., the odd
modes do not contrivute to the apparent mass of the even modes and
vice versas

(2) ®p, %0 only when n and r are ot both even or both add, i.e. the
044 modes contribute to the damping oi oniy the aven modee and the
even modes contridute only to the o0dd modes;

(3) ®n,n = 0 i.e., there is no damping of the mode dus to its own

motion;

() ¥y n = Yn,r 1-0. the quasi-steady forces are reciprocal;

(s) K'm # o ©nly vhen n and r are both ever or odd, i.e. the odd modes
do not contridtute through their quasi-steady forces to the motion of
the even modes and vice versa;

(6) The mutual effects of neightoring modes are in general larger than
those of widely separsted modes. nwing to the factor,r’-npn? ,

appearing in the denominators of each coefficient;

|
&
w
&
(3
B
|
@
|
|
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(7) Yor a given r, the apparent-mass and quasi-steady forces dus to

other modes diminishes in ths manner '0:” for large n 5> r, and as

‘Q" Z for large r >> n.

6. Rffecte on the Vidration Characterietics Dus to ths Aerodynsmic Pressure

Comdining Eqs. (31) and (36), we nov have a system of an infinite

nmumbdar of linear differential equations:

2l fZra) fogtn e r % ’}

ran2,-:
whare
$ne = Kronecker's symbdol
Slifns=r
S0ifner
K = ‘M_z = mass ratio
g
A nevw set of natural frsguencies may now ve found. Assuming that
in Xq. (44), .,
3!7 = ?n €

vhere En and ©’ are thes magnitude and frequency of the motion in the nt'h

normal coordinate, it follows that
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{(‘n{'j"t S,,, U ){ ~w'?) i w’ Qnr (ﬂuwr e Ym}in’o

(45)

ns)

The nevw natural froquencioo.w' , therefore, satisfy the infinite determinant

[Anc =0 R (:6)

' s \
A,,="- ﬂ-‘z()( ) x,,, )-l U Bnr +K ﬂ: J,,,‘ Ine

!
n modified reduced natural frequency

W'

) }
N, = origiaal reduced natural frequency =™
U

In evaluating the infinite determinant it is necessary to consider a finite

number of modes. It is obvious that since the asrodynamic forces are smoothly
dietrituted, their effect is likely to be confined only to the first few

modes. FYor example, let us examine only the three lowest modes.
2 < 2
-1 (k- o, Jek N-7, -(ng, N a-,

,2 \ b 5 A
-iﬁ'ez, - (R"(Ja)*kﬂ}'yza -(N eﬁ:i

2 S .2 F)
- 4 ~7,, -( A eaz - /K-Kss)‘kﬂfxu

3

(47)
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It is easily seen that the result will be an equation involving real numbers
only, since the real and imaginary terms always occur alternately in the
detarminant. l'orAs s 0 a cubic in .fl."2 is obtained, yielding in general the
three modified natural frequencies. The solution ie a function of two
parameters —— the mass ratio, K , and the reduced frequency, J1,.

From the behavior of the coupling factors between the nt‘h and the

rth modes, it can be shown that the contribution due to ths very high modes

is at most of the ordar.‘a,'_',n. Thus for the lower-mode natural frequencies, the
very liigh modes probably may be dropped without serious error. Such of course
has always been the intuitive approachk for systems involving a large number

of degrees of freedom. Assuming the validity of this hypothecis, we can make
the further deduction that the very high natural frequencies may also de
regarded as 1ndepéndont of the lover modss. The argument is as follows.

th

Yhen the r mode equation is written down for r >>1, it is seen that the

very iow modes hsave contritutions of the order, ;_ . 8Since the very low modes
have been solved from a sub-determinant involving an adequate number of
modes, their appearance in the equations for the very high mcdes may be
treated as being an external forcing function, and should not influence the
natural frequencies. ConseqQuently only an adequate sub-determinant involving
modes of the same order as the rtl mode is needed tv evalvate the r'8 natural
frequency. Besides er , only ‘8"’5 exist for large r, and are of the
order, ’;_—};I

In fact, the diagonal terms, Ann' are the dominant terms under

ordinary circumstances, when the aerodynamic reactions are relatively small.
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Without the aerodynamic reactions, all terms except those on the diagonal

vanish. Now for large values oif r,

2
A,r‘z "K-n-’z‘f K -n'r "Yrr
Ar\r - l % nr
Since _ﬂtuof the order of r?, and Y,, 4s of the order of r, vhile®,, 1s
at most of the order unity, the constant parts in the diagonal terms become
very large in ccmparison with those in terms off the diagonal. It is appurent

that 12 N1 is evaluated from the diagonal terms only, an adequate avproxima~

tion for the higher modai may bYe obtained.

The correction to this approximation, if desired, can ther de
s

vorked out by a procedure developed by uord Raylsigh: Assuming that the
system is excited in the modified r'2 mode (which is almost the originsl rth

mode, since the coupling terms are assumed to de small), and neglecting

second order terms, we have:

th

from the equation for the n~ mode,

Ann ?n +Arn ?r =0

from the equation for the x't‘h mode,

o, - _
2 Anr ?n + Arr ?'r =0 (48)

nij}

, .
where z indicates that n = r is excluded. 1t follows immediately, then, that

o~ s An rem
A,~=2Z Anc Arn (49)
" A

s Ref. 3, pp. 113 = 115, also pp. 136 - 137
AERO-ELASTIC AND STRUCTURES RESEARCH
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The right~hand side of Xq. (49) is already a second-order quantity. TYor a

{i-st approximation, therefore,

2
Affz—(k‘drr)n #Kﬂt-k'r'-'-'\; 0

wvhence we see that

2 (2 2 -7 -I
| e (50)

-¥,, |
The value of (], can then replace the unknown ()’ in the right-hand side of
)

Bq. (49), and a second approximation is odbtained.

‘z ‘3 - 4
]_f ’ ('n;f‘ dpr ~l.-a", @h'-rnr )(ﬂia"‘-‘ ﬁ', ern-yrn)

S K 2
1 e 4 :-_}-" 3 Fy
% n (ke (K-, ) (A0~ S, )

kg, L xal
(50a)
Thus the correcticr terms are mainly those due to the neighdoring modes n=cr

For r»>1l, the important result here is that the modified natural

frequency is given by

’

wr r
— = (- b
5 T ) (500)

Since X" is alwvays positive, the natural frequency is reduced. The percen-
tage reduciicn decreases as r~3, and may be neglected for the high modes.
The reduction is also inveraely proportional to the mass ratio of the panel to
air. As altitude increases, K increases, and the reduction in the natural
frequency becomes smaller and smallsr.

It may be noted that Eq. (49) and the succeeding approximation
procedurs may also be used for the lower modes, provided that the diagonai
AERO-ELASTIC AND STRUCTURES RESEARCH
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terme remain dominant. Such would be the case when K and/or 512', is large

in comparison with the &, _ . Qm and )y = coefficients.

7. TMurther Investigatiorne and Some Numerical Results Based on tho First Two

Modes

It ie desirable to be able to indicate the order of magnitude of the
aerodynamic effect on ths vidbratiorn characteristics of the lowver modes,
foliowing the general remarks on the high modes in the previous section. For
this purpose let us consider only the firet two modes. The coefficients (' .

4

etc. are found to de

0(“= -2406 a(,2‘= «, =0 > K, T2

@ =0 > 8= -1.953,%, =1382, R, 20 3

X,'12.43) Xle‘:&’ra 5 b;azf.‘s_

Thus the frequency equation becomes

- 2
[-a (U 2a0)4 K2 -243][- 0 (ko 222 JikAg-5¢68]

2 =
+0°{-1953)(1.382) =0 (51)

Noting that for simply-supported ends, n3= 4-.0., , we obtain after algebraic

manipulation,
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n* (K#.Zﬂ)(“{-_ZZZ)-JTz[{I?K#‘ 4/6 ) 00_B.t K+ 076 ]

w16 (KO3 -355)(KA]-243)=0  (518)

Neglecting asrodynamic forces corresponds to the case of - 2=, for which the
2
two roots of S1' reduce to ﬂ.‘. and 16.[13' , 88 required. Yor large valuas of

K, the roots can be expressed in descending powers of K , in the manner
¢ 2
242 !
(L) =1-kC2m+5E)+ o(yz)
[

w,
355 ) |
+0({—3
)+ ()
' ' .
W, and “)Z being the modified first and second natural frequencies resulting
from the presence of the surrounding fluid. It should be pointed out that,
even for the first two modes, the natural frequencies still tend to he reduced.
Tor the higher modes the same conclusion was reached abeve.
When n‘, is large, ¥q. (51a) may be simplified by dropping terms of

[}
the order of — . Thus, for N3
or f n‘ >>)

1 \R
()" (ke 2ae)(hs 222)-( 5] o (26 117K) st K220 (50

'
Tor & first approximaticrn, the frequency ratio.-:-‘-:— s 1s, then, a function
'
only of the mass ratio, X . The physical intsrpretation of this is that the

modification is now mainly due to the apparent mase of the fluid associlated
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with the panel vidration. In contrast, the previous correction for the case,
K 5> 1, nay be regarded to originate largely from the quasi-steady serodyna-
aic forces.
For numerical examples, let us consider some typfcal values.
(1) Duralumin panel, 12® between supports, .064" thick, sea level
atmosphere, U = 500 ft/sec.
e .026 slugs/f%
W, = 870 rad/sec
K e 10.9
- BPON2 = 1.7%
' Soox12

From Mgs. (52), ve obtain

ﬁ)ewojo . (__ﬁ'c_)zNoa;

u)! L\)z
10...
[ wl
WV~ 95 , W2 = 98
W, Wy

(2) 8teel panel, 24* between supports, $" thick, in water, U = 30 ft/sec

/u ac .32 slugs/ft

W.N 2,500 red/sec
K ==.08
2600x2 = 180
sl i 30
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9. (53) Yecomes

4 '2
lo6 (L) - 423 (%)H.oz =0

o from which it follows that
' w‘
e W e So , £ e 5§
w, wa

A remark may be inserted here regarding the applicabdility of
formulas derived in this report to pansls in water and moving at relatively
F = slov speeds. The theory, of course, is still valid, provided only that the

deflections be sufficiently small for the linearization of the boundary
conditions. The typical values in the above exampla, on the other hand,

: seem to indicate that ) will be small and I, large. If K is emall, the
natural modes in vacuo are poor approximations to the true mode shapes.
Strong counling effects, therefore. must be expected. Prodbadly more than
twvo modes are necessary even for a rough estimate of the modified first
natural frequency.

s Some discussions on the possibility of dynamic instadility

- 0f the panel may also be made on the basis of the two-mode representation.
Let us consider again Ba. (Sla). It ia aoparent that a divergent motion
sets in, if the value of .ﬂ.'a satisfying 2q. (51a) becomes regative or complex. |
A locus in the - 1%, plane can be drawn to separate the stable and unstable
regions in terms of these two parameters. Regarding Bq. (51a) as of the

- typical fcrm

Axf-Bxtc <o
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Ve see that ths conditions for positive, real roots of x are
(1) a,2,C >0
(2) 32> bac
Since XK > 9, the coefficient of .{l"’il alvays positive. Hence the conditions

for stadbility reduce to

76
._nf > 8.MK—.
(a) KL, 17 K+ 406

= 0.477+0( %) berk>21

® (xn*-.3s55)(KkAr-2.43)20

i.e¢s 355 2 x.af or x_n.’.‘ = 2.43

2
[(17K+4.16) K& -B UK+ BT >

bf(kr.24L)(k+.222 (KA, -2, 4-3)()(.0.- 355)
(56)

Instead of tracing the complete boundary defined by Xq. (56), a simplified

criterion may be derived for the casq } >7|. 3a. (56) is then approximated

Yy
[(l-r 246))«(.0 -.¥77¢+ x’]z zzz(n——)(xn zq;X;(_a. 35‘5‘)

Within slide-rule acquracy, the result is (568)

nN: = 215 +222 40 (57)
0t = o522 o)
Combining the conditions (54), (55) and (57). we conclude that for ¥ >>! ,
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stavility orevails if
K% >2.43 . (58)

Physically, this means that the quasi~steady forces tend to reduce the
effzctive spring constant in each mode. The strongest influence is on the
first mode. When the effective spring constant of the firet mode is reduced
to a negative value, divergent motion will naturally resulf. The same
influence on the higher modes ig mch sm'aller. For K>>1 , furthermore, the
damping and apparent masa terms are of no consequence in the determination
of the stability range.

For a numerical example, let us take a duralumin panel of .0641
thick and 48" between supports, at sea~level atmosphere. One finds

M == 026 slugs/ft

K == 2.7

2 i
The critical value of (i 1is, by Hq. (58)

2.7

9

2 -
(_[2‘)65‘12.45 0.9

Hence, the "eritical speed® is
I w,lL . £
J.. = ' = 230 Sec.
I ) ('Qn)Cf‘.
| It must, however, be stressed that the results in this section
be valid only when a two-mode representation is adequate to describte panel I
vibtration. The discussion on stability is further restricted by the assump-
tion of small disturbances. Whether the stability involving finite deflec- I
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tions Las roughly the same eriterion or not, is a Juestica beyond the scope
of linsarized thecry. 1t may further be notsd that th» dynamic instability

described above is differscnt from the conventional Mflutter® phenomenon. In

"flutter®, we may recall that the resultant demping of fhe system vanishes

at the critical speed, while here the resultant spring constant is the

criterion, at least for K >>| (relatively heavy panel).

8. Summary of Results,

(1) Based upon the linearized thecry for small disturbances, the

velscity potential of arbitrary transient motions of a two-dimensional bump,

on an othervise flat surface, in a uniform incompressible atream bas been

deternined in terms of the Si ~ and Ci1 - functions.

(2) Application of the theory is made tc the problem of a simply-
supperted uniform pansl. The effect on the vibration characteristics aepends
on the usual parameters, ﬂ,= %_'_L_ (the reduced frequency of the first
natural mode) and K= ‘é‘—‘:_ (the mass ratio of panel to air). Coefficients
representing the apparent mass, damping and quasi-steady forces are obtained,

in a form for use with normal coordinates, which are strictly true for a

simply-supported panel in vacuc.

(3) TFor the higher modes, only the quasi-steady aerodynamic forces

heve soms ccntributions. The result is a lower natural frequsncy. The

':'TI""'_ percentzge reduction, however, decreasee very rapidly for higher and higher
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modes. It is, furthermore, inversely proportional to the mass ratio, ¥,

and the square of the reduced frequency, IL,.

(4) An iterative procedure, following Rayleigh, is indicated for the
evaluation of modified natural frequencies when X and/er ﬂ‘f >>| . Panels
on aircraft usually belong to the category of large K , while panels on
submarines in water may correspond to the latter case of ﬂ? | .

(5) Panel behavior based on & representation of the first two modes 1is
studied in more detail. Approximate formulas are given for cases when K >>|

2 P e ;
and vhen 41,??! . I% is again found that the natural frequencies tend %o

diminish in the nresence of the surroundiang fluid. l

(6) A criterion for dynamic stability is also derived based on the

two-mode representation, namely, for stability

KOS >243

To {llustrate, a durslumin pansl of 4' span and .064" thick is estimated to

have & critical speed of about 230 ft/sec at sea~level.
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APPENDIX A

Modification on ®n for 0dd M , to Satisfy Conditions at infinity

Let us consider the bump
¢ / =A,.,Sinnx sin ‘.‘ for ©< x< 7
Y yz=o R " -

(A1)
=0 elsevhers

where n is an odd integer. Eq. (21) shows that the closure condition (9) is
violated. The streemiine does not return to the flat houndary after passing
the bump. It is obvious, however, that the streamline could be made to
return to the flat boundary by the introduction of discontinuiities. Since
the condition (Al) resulis from the transient motion of a sine wave boundsary,
the general configuration is symmetrical about the mié-point (x:% ). The
discontinuitiss must bhear the same kind of symmetry; and, furthermore, can

! only occur at the end points x = 0 and x=1T.

The significance of these seemingly artificisl discontinuities
probably could be better understosd from a different point of view. Regerd-
ing (Al) as the description of the slope along & bump in steady flow, one
sees immediately that the shape of the hypothetical bunp must be & cosine
vave. If an up-and-down displacement of the cosine wave is made, two dis-
continuities are brought in at the end point. These discontinuities being
limited to a very small segment, will no% alter the condition (Al), but will

serve to change the streamline directions quite abruptly in rising from and

returning back to the flat boundary.
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To dstermine the effsct of thess discontinuities on the flow by
msans of the linearised theory, & limiting process is npecessary. Let M.

(A1) first be modified into
@, =ApSinfnSinnx > 0% xsT
Yluzo

«An [—f2x<o
f (Mexsreyg
= 0 elsevhere (A2)
vhere 8 is a small quantity. The magnitudo.A,’, , 18 chosen to satisfy the

closure condition (9):

oA , ‘”’J.
f Lrdu+ | AnSin § sin nxdx + ) A2 dxso
-5 % ¢ T

hencs
Ay - = Ap sin §p

n (A3)

remembering that N is o0dd. Using Xq. (7)., the increment to B(& ) becomes

T+ 8 L, o
AB(X)<y= (f [ )(Aé‘e-t xdx)

A A _iw(mes) u")
2._3.0(( +€ - (%)
Then by Bq. (6), {vo have
Ah(o‘): ’ZA::(K) "‘1[' Ntf_ uzfr -ur&')] (AS)

Taking the limit, § —»0
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Ah(k)t'_ [ -iour((“)]

it

2 - A (H-e'u") (A6)
M '

Substituting into 2q. (3), we find that

A ¢.,‘R.Q {[: b(‘)ctxxdll} = —%’: /;L(g,i“x-b e-i“(w.x)}dx

4

& [ _J L J
_An / Cos & X + Cos K(Tr-x) Jor = An Scn frfos Kx+CoS M(ﬂ.x)d“
(J

a 4, o ntl 74
= A::;n:n Qi m ['C((x)-pc‘(()('ﬂ'-k))] (A7)

when (A7) 1s added to 2q. (19), the divergent terms for odd N cancel. The

expression giver by Bq. (19a) is thus established.
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APPENDIX 3B

Bvaluation of Integrals Appearing in the Oenerslised Yorce

The integrals introduced in MQ. (38) wili Ve evaluated in this

appendix i

9w
(1) Is'(h,m)tf 5,(nn)$in mx dx

I Y Y T Sy YY

-

(2) Tsz(n,m)zf S,(nx)ces mx dx
914

(3) Tc_’(n,m)cf €, (nx)Stn mxdx
a

(&) ]'(‘(n,m)-[ c,(mr)cu mx dx

-

(5) [Sin rx Ln 1?":! d x

(6) [Smrx ',l" .ﬁL )d

(1) TS'(nvm)

By the definition of S, (nx ),ve have

T (n.m) f/f”m"‘) ?MSM mxdsx

+
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Changing the order of integration,

nev '7)’-% 'Tr) .
ng(n,m)z'}( {[ " £ 5 S scntdt
n

<

( + ¢ ) 5en tdt
=—‘,,-,f zl—Cos(m'W-'-:—)-}-Cos%-cos mTr)? t;;nf -
(]

nTt mt
_ l=ces m'rr[ {?int+cosn$ir+zdt
e A * ot J

LN
e
"

o (
- i=CoS '.__i St (nm)ty Si ((m+n)"ﬂ‘)i’.—é Si(‘-’-‘(n-m)'ﬂ'}

wvhere the upper signs in the last term are used when n > m, and the lower

f
i
(31) i

signs are used when n< m. In particular,
Js,(n,0)=0

2 %5, (n,m)

In & similar manner,

T, n(m-x) "7
T sintdt &
JSE (nﬂ'—")“f {'[ +[ } —{——— Ces MmMxdX
0 (-}

7o

nT
=~ 1+C0S mr [ szn—%t S5in t g4
s /, -

after changing the order of intergration. The integrzl being a divergent

one, a limiting procedure must be adopted. Thus for n #m, m3# 0, we have

ALK
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nt
IS ("»"')3-15.;21 Lem / C°${/"§-)f-cu(/+.n’.'.f)d+
= €0 3 P

- n+cosmﬂ‘,{:,: [‘/ ]

H- cos m’[Cc(/"""/") -C, ((n+m)ﬂ)+

2emm g Ci(fr-2)€)+ c,a(ur,',',-)()}]

€—~

- _ H—cos i l__c;(tn ,,,].n) Cl((ﬂfmr’r)*l"/m“;/]

(B2)

The logarithmic term 1s ths proper limit of the sum in the curly dracket,

since the asymptotic behavior of Ci is known (Ref. 2).

Ci(x)~ +2n x x x << |
. § %0 (83)
L being Buler's Constant, equal to 1.78107

Similarly for n=m, ne¢ 0

IS (n,n)-m""°"' n'ﬂ'/ sin*t 4+
nv
gggSnn lem I "%:“*dt

2n
E=¢0 c
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Using the asymptotic behavior given by BEq. (B3), we finally obtain

Isz(n,n)--'_*'g"_:'zl[- Ci(ant)sfn 2ynv] (B4)

Another special case results vhen m = 0. The result is readily

obtained by the same procedure,

T‘c (n,0)=2T Si(nmr)el (cos nT-1) (B5)

(3) l' (n,m)

ar n(T=X) _nx
)'c'(n,m)z[ {( == [ 2c:tdf Sin mxdx
2§ n(T-x) ,ox
LU e
. U4 ) t

"(17’1) nX
At this point we muet interprot the divergent integrals, / and / "
(4

by their proper limiting values. The limiting valus of the combinatiorn in
the curly bdracket must exist because it is simply /n(ﬂo.x)though iv is
artificially split into two terms. The integrationn:ay next Ve carried out
sasily after a change of the order of integration as was done for Isz s

The result is, for ns¥m, m¥yO0,

TC, (ﬂ,"’)t - li:_:_ﬂ{Ci((n+m)W)o-ci {‘/p-m/fr)

-2 Ci(nw)-rﬂn/;'}j—n;/f (B6)
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for nNn=mMm mMXO

, 2n

T, (n, e LTG0 D {c;(z nr)-2 Ci (nar)+ Ln K;’W} (37)

and, for M=0

jc,, (n,0)=0
) Je_(n,m)

‘Z_' (n,a,) involve terms which appear in )",3 . The result is,
z |

for mxO0
Je (":"”3" = iS;((nrm)'rr) Si(%(n- m)frr}} (88)

whore in the lest term the upper signe ara used vhen n > m and lowver signs are

used wher a<{ m. Form = O, T( (n,b)“'o
"2

N
53 fsaﬂ ex An 2 dx
ar

™
Jf Sin rx In X_dx = rsi.n rx Q,.n xdx -
o - X /A

Jr‘"Sin rx Qn(’”"x.)dx =

(1+cCosrm) )/nsin rx Ln x dix
’ (B5)

which result is also obvious from symmetry considerations. Integrating by

parts,
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v 2/
Gesex xn X
‘[—”Smrx Unx dsx = - ‘;‘ £n "/f-.',i/Sﬂx."_xd,‘
.. []

=--'4-[cos rwkdy o - C"{f"ﬁ')-,d;n {,&.f—C.' ("5)!’]

Evo

(310)

Hence,
2 §
me rx Lnxdye =~ L*_Cr:_ﬂ Cn P Qaaﬂ-C;(rw)-f-ﬂ,,)’r]

= e Tw rw [ln rav y-C&(rﬂ)] (311)

Agein from symmetry consideratioms,

I‘rSin rx ("i-—?".x)d" -:(H-(,os m){"_';".ﬂ‘_dx,

(1+cosrm)Su(rm) (22)
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for N=m, Mm%

I \n,n)-——m {(‘_ (2nﬁT) 2Ci \n'h‘):.\ Un ‘”] (87)

and, fer M=0

Jc, (n,0)=0
(%) ]'Cz(n,m)

JC' ("E-"’) involve terms which appear in TS . The result is,
} 4

gui‘ m%o
Je (n,m)= 1_9.&5_""_"1 {S(_((nf-m)'n’); S;(t(n_m),n—}} (88)

vhere in the last term the upper signs are used wvhen n > m and lower signs ere

used vhen n< m. Form = O, -j—, (H,O)“O 3
2
(’W
(5} ) sin rx n "ﬁ)“:i dx

T
j sin rx In 2 dx
o - X

ar
= fSin rX Q.n xdx -
4

"(W‘Sin rx .Qre,(\’lT-*X)dx =

(1+Cesrm) f'wsin rx 2n x dx
’ (89)

which result is also obvious from symmeti-y considerations. Integrating by

parts,

A_..__—nn-n-z-z-z“lﬁl.hn;n.:ﬂ‘!:'.
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o i
r—rrSan r Q.nxdx‘-c-ﬂ';—"-—g'ﬂ-l/*?'_/ggxrx dx
o A

-_—.-—rl_-[cos r~whly - C‘(W)‘z&‘.” {LE-C.: ("E)f]

E-v»o

Hence,

311 -
55(:& X .O..nx Ju = - .“’__.g.".‘._"_q_’[cn rea Qn‘ﬂ'-C.s(r‘rr)-f-Inrr]

= _)_ﬁ_t%c_s_if [’,Q-, r Y X,C‘(r 17)] (3811)

-1r
[
(6)[ sin rx(f-3-, ) dx
[ ]
Again from symmetry considerations,

frsan rx (-—:{—,?'-_X)Jx =(1+Cos r'rr)fv-‘-‘-;—L"—dx-

(1+ cese)Se(rm) L)
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