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In [1 to [4] the symbols have the following meanings:

,A, /tlame's constants of elasticity

density

LL W"radial and axial displacements, respectively

CL. radius of the rod

R , Z radial and tangential components of traction, respec-

tively, on the cylindrical surface of the rod

X , X1 correction factors

p., p , rod-stress couponents, defined In (1)

Pri:mes indicate differentiation with respect to 7, the coordinate along the

axis of the rod, and dots indicate differentiation with respect to time.

he object of this paper is to describe the development of a formal

solution of the above equations for a rod of finite length, e , and any

admissible combination of time-dependent boundary conditions and arbitrary

initial conditions.

The solution will be developed by making use of Lagrange's equations

of motion

d( T IM (5)

where T is the kinetic energy of the mechanical system considered, V is
the potential energy, q. is the n-th generalized coordinate, cm the

n-th generalized velocity, and Q. the n-th generalized force. As a con-

venience in specifytng the boundary conditions, the following notation will

be employed:
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enera' in teite~ of the Fenersl1 three-dizensional disolace~ents. Th1,usI in

general, the kinetic enerc, is

1 ' , 2£6:

-here LLr U are the oamonents of disptAoe-ert in cylinZiric-al

coordinAtes and the Integration is thtro&gbvut the volxzt o! the red, 4th

the asrstd displaoe-mts of the ore.iUmnaizra1 theomry (1), -.hieh wir

t he kitat - eniru ef the rod 'Cl

ifi t8] nedunu to £ uipli integfmI, erteMrl ovur Vr# tIrgth Ofa t.1 ?t

7n@p tpnja 4nrg-,of the rs:d is obtained, sirfilarly, by per-

foin rpropriste integrationsm in the general expressio n fo r she



rotential energy. The latter ia

V e[10]

V

where the integration is over the volume of the rod and

C5- + + .au.. [1u +

The assumed displacements [7] are now Inserted into (11] and the interrations

are performed with respect to r and e , thus obtaining an expression in

te rw of LL, , P P P and Q. Use of the stress-displace3entr
relations [2) reduces the result to

V- n +[2c9X+)Z^ LA*!xa'+ (X-.)o- "

For the sake of simplicity, the correction factor X, has beer set equal to

unity.

Free yibratiags

As a preliminary to the study of forced 'ibrations, we shall be con-

cerned with the problem of free vibrations, specified by the homogeneous

differential equations of motion

a " -1L (A+,Ua) Lx.- 4 aX LL

Z.Xu.(' 13jCL A. LA + -

and bomogeneous boundary conditions

B.=O i=1,2 3 4- [14]
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Pata -ifreni c with respect to results In

t i

+ C(X2,) 5, ""22h<" ~Zfu I
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ag 29, V/nnx - 2%T O' 7mmx32'

The vanis-hing integral 313 car Aso be used advnmtAe,sely to

simplify the Lot-egrl in ecq.u~ation [263 . Assttr ig, tempornrily, the largest

posuible nutber of specified, tine-depcinert displacene ̂nts at t.be ends ! t

j[th+2 8 n 4)W0otliLWWri&!itagai

u [+32
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. incre7ent mpro-duces, aoocordir.w tc [23] the trnfinitest-a1s

disp).aoer-entsI

JU~ Uf 9

7h e ; o rk , dcje z7 the apidforces on. th e surtfaces of the rod), has

teen derived in 2 . 8dI

Jw- 25t4-A(Rd~u+ZJKr)dz

Cculerig te largust psgiibje F:%Ltr Of rrAditizd, t-±*-erT Srt frnel,
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tra-otisns seting on the ends of the rc( ri0) Ncv t&ataver the



value of m-ri t-ho totasl r..rber of the errs in, the t-ae-ket of [341 snd in

the 1-ra 'ket of :37] .-II always be fc'-.r. Tn view of this, it is conveniimt

t-- defire four quantities HL L =1, 2 , 3, 4 Z.a folw

or C

-Hz~ 2 ~f Pe() or ~() P, (0) cxccorc ;nq aS

4 4 II
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it raisto iet.errir.e tie crnst-ants ofi' nt-egration A , ai-i ,

plirng tb e in~itial con-dition5 [41]. At t 0 w~e have

Lk ~ A, 2,AL

Ic
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