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FORCED MOTICHNS CF ELASTIC RODS

Stgtemar FTckle
An approxisitc, cre-dimensicnsl, theory of vibrmtisns of rods (1)°,
in whieh the «ffect of radial lrertia nrnd radinl shear defcrmatlier are

tsken into acoount, is contained (n tne equatiang 2f moticn

] zﬁ
alxfuw - (A e - baxiaw s s4aR = faw

2aru +at(xe2u)w e fatik L
the strans=diaplscament relaticrs
2R =2F = x 2alre m)u v atiw]
LB = 2aAu « o (Arqu)w 12

$q = ?!:‘Cl.‘/utb'

the beusiary sordl tlons
1. At essh paimt aloeg the length of ke tar, one mastér of cuch of

tha grajusts WR amd vZ =it ta spasified,

2, At sach esd of the tar o meeber af eich of W produets WQ L
and OF: mst Da s@eified,
ard the {nitial condiliony
e tniticl displacessnts and veloeities must be spscifisd. (4]

1, Numters in parentheses refer to the Bihliography at the emd of the
paper,

ale
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In {1] to (4] the symbols have the following meanings:

A ya lame's conatania of elasticity
% density
w, w radial and axial displacements, respectively
a radius of the rod
R 2 radial and tangential components of truction, respec-

tively, on the cylindrical surface of the rod

x X, correction factors
!
P P, P, Q rod-stress components, defined in {1)

Primes indicate differentiation with reaspect to z, the coordinate along the
axis of the rod, and dots indicate differentiation with respect to time,
The object of this paper is to describe the development of a formal
solution of the above equations for a rod of finite length, (4 y and any
adaissible combination of time-dependent boundary conditions and arbitrary
initial conditions, .
The solution will be developed by making use of lagrange's equations

of motion

d (3TY_ 2T 2V _ ]
dt \ac};) ach“"a% Q. (5]

where | is the kinetic.energy of the mechanical system considered, V is
the potential energy, % is the n-th genémlized coordinate, éh the

n-th generalized velocity, and Qn the n-th generalized force. As a con-
venience in specifyfng the boundary conditions, the following notation will

be employed:

-
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R

B=uwu or Q at 2=0
B,=w or R af z=0
By=w or Q@ at 2= ¢
Aecordingly, the bourdary conrditisrs (3] beccrs
BL*ﬂCt) Lﬁ'|2;3-4 fgl]
in whick tke foupr funstions ﬂ((f) ara crasordihad,
The initial eorditions (4] are spesified by the four artitrapy
funations o
Wl (E,O) = Ci) S _g&g
o (2,0) = W ()
W (2 0) = U, (2) (4]
oz 0) = wy (3)
Kinevio Epergy
The form of the xinatic emergy of the rod may be obtaired -y per-
forming tnhe appropriate integratiens in the expression »f the <inetie
-a-
y
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erargy in tarms of the genersl three=dirensisnal displacements, Thus, in

gensral, the ginetic energy is

Y .. 2 o« 2 .
T’“fg’k‘*r* U, + U
\4

>d7: (6]

J

~here WU_y U,y U, aTe the camponents of displacement in eylindrical

t
soordirates and the integration is throughout the volume of <he rod, with

the assumad diaplacements of the cna=dimansicral thacry (1), which wers {

VIES AN D

U..E Q [m

W, = W (2 t)

Parforaing the integrations vith respest to & &%d 7 y tEWN volums imtepexl -~ -
ini (8] reduces to & simple intsgrul, extended ovef® the lmgth L of the red,

( 2 (! ! -
Ta VR
Te == =+ W )dE &)
2 <2 )
0
Lotentiald Srergy
The potantial snergy of the rod s obtained, similarly, by pere
forming mrpropriate integrations in the general expression for the ;

aly-




rotential energy. The latter is

\/Jva/ dt [10]

where the interration is over the volume of the rod and

‘ DUa \a_(_-l_l ?__"_‘_. 0o
W“z‘[qrﬁ*"" o, (128 438 ] [11]

The assumed displacements [7] are nowv inserted into [11] and the inteprationms
are performed with respect to 'r and @ y thus obtaining an expression in

terms of W,y N, E_ ’ P. ’ e and Q . Use of the atress-dis;alaceaent

relations [2] reduces the result to

14 ‘ v
V=TT [[2(x )W+ 2raun'+ $ (A2t AEE W T de (g

o

For the sake of simplicity, the correction factor X, has been set equal to

unity.
Free Vidrations

As a preliminary to the study of forced vibrations, we shall be con=-

cerned with the problem of free vibrations, specified by the hamogeneous

differentisl equations of motion

alxt uu'- 8T - 4arw’ = fatL

2aiu +a (»zﬂ)-“cqa‘i‘r (13
and homogeneous boundfry conditions
B.=0 i=12,3 4 (14]

-5~
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Consldering eolutlons in the form

Wz t)=U@)snot
- [15]
W (2, t) = W(2)sinwt
ve may show that the equatisns of =otisn [13], together with the doundary

corditiora [ 14y are satiafied for an infirnite got of discrete frequencies

G o each of which ccrresponds to a mods ahape given by functicna Un (2)
and W, (2) ) vhich ars deverminad exgopt for a multiplying faster, sommon
to both funstions,

The kinetis energy of the rad, vibrating ln the peth prinsipal =sde,
1s, sessrding to [9],

4
+ i
T, ()= 2B (Ul W dacostay 124
o

end its saxleo valte 1f

R S e e

4
T SEE (U v W) e (17

(=}

gimilarly, the mazimum potential emirgy of the rod iRy free (1]

’ 8 ' ¥
V= [z(),ﬁ/u)uﬁ 2ra U, W, ;
¢ i A 13 J
+%l{k’2/&)%‘+%§ . ]di (13) i

’

Emplaying the prireiple of ecnssrvation of energy, .3 restats, fov future

raferance, the well krown relationship

it e Ain

= V [19)

" max n o mox

abm

T
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whenever a nwivery, m , of time-derendernt Zisplacements ig specified
at the erds of the raly ir a forced vibration problen, it is convenlient to
solve ™ atatiec proble=e in advince; ench problen being governed by s

equilibrirs squatinns
a'x i’ - B(A)U = darw' =0

1 1 EEO]
2alu + a'(A+d )ﬁp -

The beurdary cenditions er each statls problea are obtalred oy satting one
af the ™ end displacezents squal %o unlty ard letting the reaining thres
oonditiane be hemogerecus, For etadple, If ke boundary somlitions of the
foraed viltmation rrobtlem are
w (e t)= Ff (&)
2

then ™M = 2 ard tuo s'atis problems have to ba solvads oma wvith bourdary
sanditisns
w(oe) = |
P(0¢t)= O
Qe¢)=0 ‘
(g t)= 0

o
[
P

e

=
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and the other with boundary corditions
u{ot)=0
R(0 &) =0
, Qe )= 0 2
w(e L) = |
The m statia solutions | (2) w(2) y which are readily ottained,
will be desigrated g‘:u‘(z) ' 9“(3) y whers ( muns free | to m,
ﬁi folotisn af the gemersl forved vibmtism preblea, speadiied Ey
LR T3] wed (4] vil) e sought In tha form I
w(gt)= % g, @) f)+ f U, (3) q, (t)
) m (23]
w(at)=F g ()¢ +E'W(?)%(t> |
All the funetlons in (2] kave tewn intreduged {n presesimy sstioms, sid
A0 adimed to have baen deternimed, with the mcaptien of Gy (L), uhten
vill be found frem lagrange's equations [5], It should be noted that [23)
satisfies the boundary eseditisra [31],
Inserting the forss (23] into ths expression [5) for the kiretis
snergy 1 4, we ob‘t@ib
i {85, Fua
3"“. ' iy ”q"ﬁ]
|
4 - . - : [2"03
E +[2.3‘”{L+ZWAG.’,J }042
r o8 "we| n
2.
;_
. ,_____//
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Thus

= O (28]

and

Su=5 /[Ee (£ +25g Wt ]de

(2¢]

whers uxd has beer =ade of [17] and of

(%U,U,*MM)&;EO, W, # g r29)

The F:Litié'ﬁihif} [27]y vhigh expresses the proverty of srthogonslity af the
Frineipal =ndes of fﬁe vitration, ean be cbtilned Wy m‘c»atitmingrma
adiussd dleplaeasents [7) and [15] inte Glebash's theorsn [3) wofl foFe
forming the imtegretions vith rempest to P and @ , Altermativily, [27)
sy be obtsired from [13] and [14] uiing Raylelgh's wathed (4]0

lnsertion of the displasesents (23] inmto the expresaise [12] fa? the
pﬂtﬁ"ﬁtLIl nﬁm inargy V. oyields

Ve 0 {{z Avu)[E9, 603 Unga]
~2xa[$3 (+2 Ve ] E9 wﬂ*.?,“’ %]
+gt(,\+z/;)[‘_‘ 3. f Ew q,,,
+A&.&.[';;g ?;Un%]} t (23]
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Partlal differentiation with respect to C}/n results in

£ m
2L - T ({4armZg fU,
[~

“NaZ [9.fw +3_fU,]

L&

at 3 ) R \ '
vt (hu) 29 W P 2 fU fde

[kl

2V as
+ nma;.ﬁ’n 129

vhers uss has twer made of [18] and af

£
[[4 (o) ot + 22a (U, Uy W)
o

t(g) @ W W AR UG Jdimo e,
]

vhich miu, it anstier W@y, the orthegemality mpaﬂy of the priesimal 4

wodes arcd can be teensforssd te the relaticaship [27] by use of the equa~

tiens of sotion [11]. B
Raterring to the integrxl in [29], the primsd terws =ay be integratsd

by perts, Then, nesing tat U, W, savtety (15] am (16]) bile G,

Qe Eabisfy (23) and bowdary oonditicns of the type ewplified by [24],

Vé APFIVe at

4
J{‘r(h/.t) 9‘“Un - ZXQ(QW W, + 9‘,’* U,.,)

r (Ar2u)alql, W, +452g1, U, bdz = O

(31]
Thus, the integral in (29] vanishes and we fird, free [29], (31) and [13],

=1l=

'
e e e e et e g e o 1 b 1t 8t
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V
55, = 2% Vemex = 295, T max 2]

1n
Tre vanishing integral [31] can also oe ugsed advantageocusly to

aizplify the integral in equation [26]. Aesuming, temporarily, the largast

-

possible mmber of specified, time-deperdent displacermnts at the ends of ]

! the red (M = 4) ws obtain, by partial integration
e i.
s i
![‘QZ.:‘ 3;uuﬂ+2l% gw'w/;,]dz N
[33) |
e ENORSMORENORING) SR
L ]
where @, and B_ ere tractions prodused by the displacewents of g"* - dj
srd W/, » Putaring this remlt mbo [36], w obtadn ' ]
AL L0, +{R@fan®- (R )] - 4
. L34l |

+ T a2 G

The genaralized forse @, in (5], cafinad as the coeffiolent of the insrement
Jq’n of the penerulized soordinate &g in the expression for the word ! ;
an , dona By the applied rhysical forces in the displacerent preduced x4 | '
E o’om , has to be detarmined on the tasis of this definiticn, We note, at |
this point, that rot only the Gy, 's) but also the m funstions f. have |
to be resarded as gensralized ccordirates, Ccnsequently, Qn will not be “
affectad by the pressnce or ateercs of ary of *he functicns f; :
i
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An irecrecent Cﬁ%ﬁ produces, acsording to [23] the infinitesi-al

displacerents

(35

The worx é‘\t/ y dana oy the anplied forcea on the surfacss of the rod, has

bear, derivad {n (1) and la

W= QWQ{?Rdu*ZJv)dz

+2R[Q(e)du(e)+ B (e)dw(e) - Qo) du(o)- B (o) I (o)) e

Considering the largest petidible rmber of srecifisd, tize=dapenient farces,
inserting (5] in ths sbove ezpression and fastoring JQ,-H y vB obtaln the
geosraliced forse @y (t) |

y
Q. (t) = 2%e [[RU, + 2 W, ]dy
0
+2R[Q(E)Un () * B ()W (1) - 90U, (0) - R (@) Wn (0)] 0

Comparing this vith (36], Qn {s seen to be the vork dsos By the applied

Furase tPastisns in the displacesents of the n-th prinsiml male,

*T
Ir & tin d uatian [14), we have assuned, &g ah
mputing ob 3% 0 % (36
sxtrame cadm, four time=dependent displacements srecified at the eras of
the rody /M = 4). The generalized force &, , equation [17], on the
other hand, was derived under the presuppositisn of four tima=dependent

trastisne acting on the ends of the red, ( m = 0), Kowy vhetever the

w12

mem i f e e

ST TR

T e s S T T S S S S N SNt A S N SRS s

B




value of m

the brasxet of 737) will alvays ve four,

+ the totsl number of the terms in the bracket of [34] and in

Ir view of this, it ia converiant

tz defire four quantit

T
—H‘=EE

fQ.)
B, = u

1
C‘Jh

f.P

~H, = ,P.(0)

Baiw"

Hjigéfaeﬂ(e)

Hy= 454, B (®)
B, = w

or

or

|~

!

or

or

or

or

QF

y L =1y2y3,y4 as fellows
XZTTU,.,(O)Q(O), according as

Q

2R Wp (0) R (0), accorcing as
R

ZﬁUH(E)Q(P), accovding as

Q

1RW, (€)R(8), accurding as

R

Al3s we define the quantity

1 £ 4
* @ -~ -~
Q=2 2% ((RU,+ZW,)de+ 3 ] (39]
"R 3 (22
Then lagrangs's equaticns [ 4] baecons
. 2 x
Gn * ©On &, = Qn (40]
The gereral intagral of this omiinary differential equation is
-
. R * .
q,(t) = A cos Wal + B sinw,t -*0-3-; XQH (T)simw, (t-T)dT
° [41]

-11-
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f

; It remairs to detar-ine the conatants of integration A,., and Bn y 8=

ploying the initial conditiens [4'). At E 20 ue have

u(z,o0)= § .. (3)f (o) +n§ Anb,
w3 ()f(@)rE AW,

u(z,0)=;§:; 9..(2) f;(oHE B,U,wn

R=y

N vy N [~ -}
M(E,o) =% 9,50 +HZ B, W, cn
'y x|

In view of the orthogsnality relaticmship [27] we multiply the first of
ezations [42] by %Us , the sesend by \-‘/5. y 0dd the tvo amd integrate
Both sides cvar the length of thes mar,

Salving for A,., v obtain

e oa 7 ‘Fﬂ
L W00, [ 2 5,0 £O)] |

] —— [431]

N4 : ;
/ ($U, * W' ) ez

Bn 18 obtalnsd fram the third and fourth of equatiors [41) in an aralogous

SANRT

¢ m . agl .
J{if4, -2 9. @F@]U, +[4-89,@) f©)]w,jde
on [ (U W)t
o

Tis conpletes tie formal solutica of the problem,

B¢

n

. 2RO e e o mm

el
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