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Forms of Equilibriwm of Coasts with a ILittoral prist™
By
%

Per Bruun

ABSTRACT

It is shown that th. form of some coastal features where a littor-
al drift exists can be explained by the solution of a very simple
differential equation for the relationship between the intensity
of littoral drift and the deep water of the waves, Othsr beach
forms under less idealized conditions mav be sxplained from a
eimilar relation, Different types of marine~forelands can be
' explained as a result of refraction and diffraction in connec-
tion with a lowering of the steepness ratio of the waves,

1, DEFINITION OF AN EQUILTBRIUM OCOASTLINE

A coastline has an equilibrium form when it maintains its geometrieal form,

| 2, BQUILTBRIUM FORMS OF COASTLINES OF INFINITE LENGTH

ght sand : st of infinite length, The direction
of wave propagation 4s as indicated, Under the comditions given, no
littoral drift can oscour along the coast which is in stable equilibrium,
2,2 The Goast is Influenced by Waves Ooli%ue to_the Coastline., Mig.2 shows
a straight sand or shingle coast of infinite length, e direction of
! vave propagation is as indicated, The littoral drift at "o" must be

equal to the littoral drift at “a® and the coast, therefore, is in
stable equilibrium,

3, EQUILTERIUM FORMS OF COASTLINES WITH A FINITE IENG'T

3.1 A Straight Coast of limited length, If in Mg, 2 the length of the
coast is limited from "A" %o MM 1t will be eroded, The erosion will
be greatest at "d" and wlll decrease towards "o", As a consequence of

this condition the coastline will be reoriented to "face®™ against the
waves, -

3.2 An Island or a Headland

3.21 Theoretical considerations, Mg, 3 shows an island, If the
rection ol wave propagation is not perpendicular to the coast-
line "a-b" or if the corners at "a" and "b" are not sbaolutely
sharp, erosion will begin, .

# TFulbright Pellow, Univ, of Calif,, Berkelsy, and Research Bngineer, Tech,
Univ, of Dermark, Copenhagen,

% The principles presented in this report first appecred in the publication
i "ligevaegtaformer for Materialvandringskyster® tw Per Bruun, Geografisk
Tidsskrift, Vol, L8, 19L6-L47, Because a summary of this publication is not
readily availabie tc Amerissn enginesrs, this report has been prepared by
Mr, Bruun,
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2.

According to the theory of Munch-Petersen the relationship be-
‘ween the littoral drift and the deep water angle "Co can be 1llus-
trated by a wine cwve (2, 8)% This theory is supposed to be re-
liable, The terms "zero point of littoral drift" and "mass curve
of littoral drift" are introduced. A "zero point® (called "nodal
point® in the United States) is the point of a coastline, where the
resulting littora® drift, considering plus or minus signs which
correspend tn ine direction of the drift, is equal to zero. In
FMge 5 point O 48 a nodal point, The *mass-curve of littoral
drift®, Fig. L, is the curve which will result when in a right=
angled coordinate-system the length of the coast from the nodal
point 1s taken as abscisse, and as ordinate the quantity of material
(sand, gravel, ete,) which in a given period is eroded between the
nodal point and the point in question, The nodal point has ths co-
ordinates 0, 0, TFrom Re coast with length s, B cubic meters of
material are eroded, is equal to the erosion per meter of the

coastline, When the mals-omrve is a straight line, % is constant,

i.6, the aroded quantity psr meter of the ccast is the sames at all
points, whioh again means that _fhe coasstline maintains its form,
Mg, 5 shows a coastline with e constant, This coas® is composed

of the same sort of material (sg.nd and gravel) everywhere and is
attacked by waves perpendicular to the coastline at the nodal point
o The eroded material can pass freely at any point, From the
above it is noted that for the point x,y, which is the distance e
from O on the coastline (Mg, s?? ,

k*exA sind,

where k is a constant, A can be ldentified as the wave-sffect,
andeC, i3 the deep water angle of the waves, Solution of the
differential equation gives the curve:

gin 2 A
x=e( °’-—2-°--)

—

b (Mo,

These are equations of a loid, with the diameter of ihe core
responding circle being = ° Naturally all equilibrimm forms are
und form,

In Mg, 6, A 1nolines to the coastline, The form developing
is th;g given by the sbove equations between the angles (90- o(o)
and 90,

3.22 ical Examples., Several typical examples have been shown as
gohm {for their location in Demmark, see Mg, 7)s

1s 1, Hundested, Sjaelland (Fig, 8) The actual nodal point can
e stated by means of the groins constructed at Kikhawm,

1o 21 the penminsula Skoven, Pyn, (Fig. 9)
e 33 Barsos (oe 5 islamd) (Fig, 10)

dé ,<01=J§

* Numbers refer to references,
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3.23

3.

le 4s Bjornoce (Fig. 1i)
e 53 Endelave (Fig, 12)
s Fejoes (Fig, 13)

¢ Skagen Spit, the northermmost part of Jylland (Jutland)
ge 1L4), Figure 15 shows an aerial pholograph of Skagen Spit
from 10,000 ft, The area of the photo is shown wlth dotted lines in
Pig. 1)4. Note the sand-cloud of materisl being transported in sus-

penalon,

Developmeni of an equilibrium coaptilme in the laboratory. Fig, 16

showe an equiiibrium form developed in a laboratory basin in Copen-

hagen, Naturally it is impossibis to imitate actual conditions and

the result ¢an only be taken for granted for this special case, The

basin was 35 ft, long, 1S ft., wide, with a water depth of 5 inches,
he wave characteristice were lo = L ft.=l in,; Ho = 2in,, 1.8,

-1'3 = 0,0k, The median dismeter of the sand, was 0,22 mm., and the

undformity acefficlent (DEOS/D10%, in Dermark) was about 2, The
scale was 1320 corresponding to the shingle beaches along the Danish
seas,

Sevaral equilibrium forms were developed. Some of them showed
a tendency to form a bump at & ,~j0-50°, The same condition has
been observed in recurved spits (aee also Sections 3,32 and 3,33).

3¢3 A Bgy

3.31

3.32

Theorstical considerations, The condition shown in Pig, 17a and
assumed that the island~form can be reverased to give a similar bay=-

form by changing land amxd ses,

ical exampies, It is very diffiocuit to find areas in nature where
a bay-shoreline like this can be investigated, The initial condition
must be an indentation with vertical sides aand infinite length in one
drection, Fig, 1£ shows the bay of Vemmingbund in Dermark (Example
8 in Fig, 7). From the figure it will be seen that the coastline
deviates from the theoretical form between LOC and 70° ~ the actual
form having sharper cormers, Fig, 19 shows Abbotts lagoon on the
Pacific Coast of the United States, Here we have the same deviation
frem the theoretical form as in Pig, 18.

3.33 Seme olal investigationa, In order t¢ investigate the problem more

istinetly, etudies were conducted in two small oblong aand-‘bags in
the Nissum Inlet ¢n the West Coast of Jyllani (see Fig, 7, "Nissun F,*),
The bays had a reasonable size in propurtion to the wave length -
width 10.30 times the stormewave length, The form of the shorelins
was measured every month during a period of about 2 years, Fig, 20
ghows a characteristic measuremsnt where the black points indicate the
shorelins, A groin was built in the nvdal point to isolate the test-
area, Included in the figure is a theoretical equilibrium form, and
ons can see that the theoretical form sgain has a shortsr radius of
curvature than the actual between L° and 70° angle of incidence,

The curvature i1s smallest betwean LO° and 50° which indicates that the
14ttoral drift probably has its maximum rate betweea L0° and 507,

Other investigations by which the shorelins was maintained in the
theoretical position by means of gravel showed that deposits started
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at sbout 20-25° angle of inoidence, i,s,, the littoral drift at
90° and at 20=25° was almost the same, By measuring the langth of
the shorelins from the nodal point at the groin (Point VII in Fig,
20) and the deep water angls, «i,, it is now possible to oata‘olish
the relationship betwesn the quan‘bity of littoral drift andoL
shom in Mg, 21,

Acoording to the size of the bay considered in relation to the
waves thers can be only a slight difference between the conditions
along a straight coastline and at the bay-coast, The curve will
follow the equation y z 0,57 (#in X, 4 Bin 2 £,), Naturally this
relationship can only be of an appro:d.mate character, The quantity
of 1ittoral drift depends on many different faotors involving the
steepness ratio of the waves, the beach profils, the beach matarial,
etc, Laboratory experiments have shown that a variation in the
steepness ratio did not change the value of =X, for which the
1ittoral 4rift was a maximum (7),

As stated in Section 3.23 at many recurved spiis there is a tene
denoy for bumps in the ooast to form at L0-50°, In most cases the
shorelines will follow the theoretical form, and one must assume
that this 1s dus to a oconcentration of streamlines, of, Mg, 22,
which makea the sins-relationship walid,

3.34 Comparison between different ocomputed equilibrium forms, Below are
given erent squations for the re nship between the
guan‘bity of littoral drift and X, The corresponding equilibriua

rms are shown in Fig, 23,
1, 8 3 sin 2 & ,, maximum at 45°

Bquilibrium formt x 2 2 (sinXg - 2 sind <

3
T22(c08ck, ~ 2""“3"<o-1)
3 3
2, 8 g FinX o 4 8in 2K o parigun at 510
2
#in 24 2 SPA o -

Equilibrim form xa G2+ ——2 # sla,

sin 24 2 sos3X 1
V= 0 4 008X = Q-

N

Q3 aino(z ¢ 8in 24

Bquilibrium form: x s % (%'(o -oﬁ sin 2L, ~ ? sin3<v<° + 2 sinKk ;)

3. 9, maximum at 68°

Ta % (-ﬁ oos 24, 4 2 cost, - % cos3oko 4 %!)
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The equilibrium forms are shown in Fig, 23 together with the form

8 » 8inX, (indicated as Curve 0), It will be noted that a current
parallel %o the y=axis in a positive dirsction will draw the ocurves
1, 2 and 3 towards the Curve O, but this possibly can make the re-
sulting equilibrium form more rounded than the equilibrium form O,

Naturally this can only explain the development very roughly,

Mg, 2l shows the curvess y z sin, (full line); y a 8in 2,
(dottad 1ine); and y m 0,57 (eine(, « #in 2 ,) (dot and daeh 1ims)j
and some balok poinks originating Srom the Log Angeles Distriot
Engineer Offics formula for littoral drift (6, pp. 145-149), i.s.s

=%k1wo ain?.(b

Q= littoral drift factor, the total amount of sand moved as
littoral drift past a given point per year by waves of given periods
and direction,

w g total work accomplished by all waves of a given period and
direction in deep water during an average year, ’

o a wave ensrgy coneffioient at the bLreaksr lins for waves of a
given period and direotion, It is the ratio between the distance
between orthogenals in deep water and at the shore line,

Sy 2 angls between wave orests at the breaker line and the shore
1ins, or the tagls between orthogonals and the normal to the shore
iine '

¥y = factor depending on dimensional unity and empirical rels~
tions, It varies with beach slope, grain size, and other undsrter-
mined variables and has not been evaluated,

One hass e = %90%,
608Ky

or
e sin 2c{y 2 2 008K o SinA

In Mg, 25 éa shown plots for the relationship between sinX ,
'm mdo tor - 0.0h, 0003’ Iﬁ 0001, see (h)’ P'Po 398".100.

Zach of the ocurves can be approximated with anatra:lght line between
00 and sbout 50°. For inatancs, one has for S » 0.0L, sin, s

%- sine( 53 that 1sy 2 ooaako sincAy, = 1 gin 2, ghioh gives a
naximm at 45°. OCaloulations with a steepness ratlo, ﬁ? = 0,0lL, give

the black points in Fig, 2L, but the other ratios will give almost
the sams relationship, Thus it appears as thougk the maximum valus
of the littoral drift will ocour between LO° and 50°, Saville (3,
9) got the same result in his experiments, The Bulletin of the
Beach Erosion Board (3) states that "The experimesnts indicate, for
the range of angles tested, that the transport rate is dependent
upon the littoral current, Further, the maximm rate of sand trans-
port ococurred where the value of the littoral current reached a
naximm value, namaly at a L3° deep water angls,.®
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k, THE DEVELOPMENT OF SOME SPITS

5.

J. A. Steers writes (Ref. 11, p. 60) as followss

"Associated with the whole question of wave action and beach-drifting is
another interesting matter first pointed out clearly by lewis, If an inspec-
tion be made of the main spits of shingle around our coasts on large-scale
maps it is clear that many of them have a tendsncy to run somewhat outwards
and away from the main trend of the coast, This is especially plain in
Cardigan Bays both Morfa Dyffryn and Morfa Harlech, the two main coastal fore=
lands, are good illustrations, On the east coast, Blakeney Point and Scott
Head Island also exemplify the sams feature, Again, on the south coast, Dunge=
ness and the smaller Hurst Castle spit trend outwards from the coast, and it
would be easy to cite a number of other instances, Many beaches batween head-
lands are arranged, too, so as to show a clear tendency to run at rightangles
to the main direction of wave approach, a characteristic discussed more fully
below."

The development of Dungeness is very complex (sse Ref, 11, pp. 318-331),
but roughly it may be explained as followss

If A, is greater than about 50° the quantity of littoral drift must be
below maximum, Meanwhile the littoral drift is satiated very fast at shingle-
beaches, and the material will deposit if a slight decrease in the littoral
drift forces takes place, As a consequence of this, the shoreline must turn
outward if more material is drifting along the coast, At last the value of
a(o which givees the maximum littoral drift will bs passed and deposition must
takes place, giving rise to a sudden turn-out of the shoreline until it 1s per-
pendicular to the direction of wave propagation as shown in Fig, 26, In this
figure the letters (alphabetic ordsrg show the development of Dungeness (also
see Ref, 12 for soms pictures of this area),

A development similar to that mentioned above may take place at any

shingle=beach where the direction of wave propagation 13 oblique to the
shoreline,

OTHER COAST-FORMS

The development of some "marime forelands" can be explained as a result
of wave refraction and wave diffraction,with the subsequent lowering of the
steepness ratio of the waves, Figures 27, 28 and 29 show three different
types of merine forelands from the Danish coasts (all are islands), They are
described by Axel Schou in the book "The Marine Foreland", Copenhagen 19
(10), Fig. 27 shows recurved spits, Fig, 28 tombolos and Fig. 29 an Mangle-
foreland",

Figs. 30, 31 and 32 show forelands developed in the Hydraulic Lsboratory
in Copenhagen which correspond to the prototype conditions shown in Figs. 27,
28 and 29, The laboratory basin was 35 ft, long, 15 ft, wide, the water depth
as 5 in, The wave characteristics were L, = L ft. h in,, Ho = 2 in, i,e,,
H0 . 0,04, The median diameter of the sand was 0,22 mm, and the uniformity

Lo

coefficient, D60%/D10E was about 2, The scale was 1120 which corresponded to
shingle-beaches along the Danish seas, The form illustrated in Figs. 27 and 30
result from refraction. The forms in Figs, 28 and 31 and Figs., 29 and 32 re-
sult from diffraction and refraction giving a lowering of the st€epness ratio
of the waves,
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